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We apply the method proposed by Fröhlich, Morchio, and Strocchi to analyze the bound state
spectrum of various gauge theories with a Brout-Englert-Higgs mechanism. These serve as building
blocks for theories beyond the standard model but also stress the exceptional role of the standard
model weak group. We will show how the Fröhlich-Morchio-Strocchi mechanism relates gauge-
invariant bound state operators to invariant objects of the remaining unbroken gauge group after
gauge fixing. In particular, this provides a strict gauge-invariant formulation of the latter in terms
of the original gauge symmetry without using the terminology of spontaneous gauge symmetry
breaking. We also demonstrate that the Fröhlich-Morchio-Strocchi approach allows us to put new
constraints on theories beyond the standard model by pure field-theoretical considerations. Partic-
ularly the conventional construction of grand unified theories has to be rethought.
I. INTRODUCTION
Within the theoretical formulation of the electroweak
sector, the Higgs field is a key ingredient as the Brout-
Englert-Higgs (BEH) mechanism allows us to introduce
a mass generating mechanism for the elementary gauge
fields and fermions without spoiling the basic gauge in-
variance [1–5]. This mechanism also plays an important
role in various beyond the standard model (BSM) theo-
ries which exhibit an extended gauge and Higgs sector.
In order to compute the mass spectrum of a theory
with BEH mechanism, the scalar field is usually split into
its vacuum expectation value (VEV) as well as a fluctu-
ating field in case the Higgs potential has a nontrivial
minimum. By inserting this split into the Lagrangian, it
can be analyzed which fields obtain a nonvanishing mass
parameter. However, this convenient picture of BEH
physics comes with a grain of salt on a field-theoretical
level as a number of subtle issues arise and have to be ad-
dressed for a solid definition of such theories. Moreover,
a puzzling situation occurs in BSM scenarios.
Recent lattice simulations demonstrated that the usual
framework of treating the observable particle spectrum
of a theory with BEH mechanism has to be questioned.
By calculating the particle spectrum in an SU(3) gauge
theory coupled to a scalar field in the fundamental rep-
resentation, a mismatch was discovered between the lat-
tice results and the naive expectation of identifying SU(3)
gauge-variant objects as observable quantities after spon-
taneous symmetry breaking [6–8]. The standard ap-
proach would predict for the elementary degrees of free-
dom from which observable quantities can be build a mas-
sive Higgs, five massive vector bosons, as well as three
gauge bosons without a mass term belonging to the un-
broken SU(2) subgroup. While a scalar particle was iden-
tified in the lattice formulation with the same mass as
one would expect from the notion of spontaneous gauge
symmetry breaking for the Higgs, a qualitative different
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picture manifests for more sophisticated scalar states as
well as in the vector channel. Albeit the investigated
properties of some of the vector particles coincided with
those properties predicted by the conventional analysis,
states one would naively expect in the standard gauge-
fixed formulation have not been seen. Currently it is un-
der investigation whether additional scalar bound state
particles are present in the spectrum as expected from
the standard gauge-fixed treatment of the theory [7]. By
contrast, lattice simulations of an SU(2) theory precisely
confirm the existence of a single massive Higgs boson as
well as three massive vector bosons and thus substantiate
the particle content of the weak-Higgs subsector of the
standard model beyond perturbation theory [9–12].
Within the conventional approach, the BRST symme-
try of the gauge-fixed action is used to define the phys-
ical state space such that the elementary fields of the
Lagrangian can be considered to make adequate predic-
tions for experiments and can be identified with physical
particles in the standard model. However, the assump-
tion that the BRST mechanism takes sufficient care of
gauge invariance fails beyond perturbation theory due to
the Gribov-Singer ambiguity [13–19]. The BRST sym-
metry might be recovered by extended nonperturbative
gauges at least in pure Yang-Mills theories but then all
quantities carrying a gauge index, e.g., the elementary
gauge bosons, are absent from the physical spectrum,
see [20] for a review. This is clearly in contrast to the
perturbative description of the electroweak sector.
These statements might be mitigated in case a BEH
mechanism provides mass terms for either all gauge
bosons, i.e., the gauge group is fully broken in the pertur-
bative language, or the stability group consists only of an
Abelian subgroup. In these cases, it turns out that the
Gribov horizons cannot be reached for sufficiently large
gauge boson masses as the zero-point fluctuations get
suppressed. Thus for infinitely large gauge boson masses,
the Gribov-Singer ambiguity has no quantitative impact
on gauge-dependent correlation functions for these type
of theories [21–26]. Nonetheless, it still affects the spec-
trum on a qualitative level because the structure of the
2BRST symmetry is unchanged as it depends only on the
group structure and not the internal dynamics. In par-
ticular, it is expected that some remnant of the Gribov-
Singer ambiguity survives for theories with a remaining
non-Abelian gauge symmetry, like grand unified theories
(GUTs), albeit the details have not been explored yet.
A consequence of this is also the fact that all attempts
to define an observable gauge charge in a non-Abelian
gauge theory failed so far. While it seems to be possible
to construct an ’observable’ color charge to any order in
perturbation theory via suitable dressing functions sim-
ilar to the Abelian case, there is an obstruction in the
nonperturbative regime due to the Gribov-Singer ambi-
guity [27–29]. This underlines that the physical state
space of a non-Abelian gauge theory is further restricted
once the nonperturbative regime is taken into account.
To bedevil the situation further, also the VEV of the
Higgs field is not a reliable order parameter as both the
actual direction as well as the modulus depend on the
gauge. Furthermore, gauges can be constructed such that
the VEV vanishes identically even if the scalar poten-
tial has nontrivial minima [30], implying that the gauge
bosons would be massless to any order in a perturba-
tive description. In particular, the Higgs VEV vanishes
in case no gauge fixing is performed which is generally
true for any gauge-dependent object [31]. Its absence in
a gauge-invariant formulation is put on solid ground by
Elitzur’s theorem which proves the impossibility of local
gauge symmetry breaking [32]. Some of the philosophical
consequences can be found in [33–35].
For the weak subsector of the standard model, it was
shown by Osterwalder and Seiler as well as Fradkin and
Shenker that no gauge-invariant order parameter for the
BEH effect exists [36, 37]. Thus, QCD-like physics and
BEH physics are qualitatively indistinguishable and the
occurrence of the different phases in a gauge-fixed setup
is a pure gauge artifact. In addition, it was shown that
no unique transition line between the two phases exists
in case an order parameter is constructed from a residual
global symmetry group after gauge fixing. In principle
such residual global symmetries can be broken. How-
ever, different gauge choices can have different remaining
global symmetries. Therefore, this strategy is not able to
define a unique transition which physically distinguishes
between the two phases as this depends on the different
global symmetries [38, 39]. Suggestions to circumvent
this fact involve nonlocal constructions [40–43].
The proof of the Osterwalder-Seiler–Fradkin-Shenker
argument only works for theories in which all elementary
fields receive a mass within the conventional picture as
for the SU(2) case with one fundamental scalar field. For
instance, in gauge theories with an adjoint Higgs field,
different phases can be distinguished by the invariant
Casimir operators of the gauge group [44, 45]. However,
the VEV of the elementary Higgs field is still a gauge-
dependent object and not a well-suited quantity to ana-
lyze the gauge-invariant properties of the theory. These
examples demonstrate in various ways that a proper defi-
nition which treats all these subtle field theoretical issues
in an appropriate way is rather sophisticated and a re-
thinking of the observables in terms of gauge-charge sin-
glets appears to be mandatory [31, 46]. This statement
is supported by several lattice calculations in different
models [6, 9, 47, 48], see also [49] for a detailed review.
In order to put the successful phenomenological de-
scription of the electroweak standard model mathemat-
ically on solid ground, various attempts have been per-
formed. These include a reformulation of the bosonic
subsector of the Glashow-Weinberg-Salam model by a
change of variables such that the action depends only
on SU(2) gauge-invariant fields by factoring out the lo-
cal SU(2) symmetry [50–52], as well as an investigation
of the equations of motion of gauge-invariant degrees of
freedom obtained by nonlinear field redefinitions [53]. In
addition, a gauge-invariant description was proposed by
Fröhlich, Morchio, and Strocchi (FMS) which investi-
gates gauge-invariant bound state operators in analogy
to QCD [31, 46]. While the former approaches directly
rely on the particular structure of the SU(2) group, the
latter can easily be generalized to other BEH theories
as they appear in many BSM contexts. This was demon-
strated for SU(N) gauge theories with a Higgs field in the
fundamental or adjoint representation [54]. In addition,
the FMS approach explains why the lattice spectroscopy
confirms the perturbative prediction of the particle con-
tent in the standard model but yields different results in
a gauge theory with larger gauge group.
Generally, the FMS approach provides a convenient
tool to define the spectrum of a theory with BEH mech-
anism in a gauge-invariant manner and reveals how the
properties of the strictly gauge-invariant bound state op-
erators can be extracted from the correlators of gauge-
variant objects. We will use this powerful tool in the fol-
lowing to predict the nonperturbative bound state spec-
trum in the 0+ and 1− channel for various representations
of the Higgs field for SO(N) and SU(N) gauge theories
and identify those states that can be described according
to the usual lines of the BEH framework.
This paper is organized as follows: In Sec. II, we discuss
some of the generic properties of the FMS approach for
an arbitrary BEH model and provide a brief introduction
into its basics. In particular, we will systematically elab-
orate the precise duality relation between different gauge
theories connected via the BEH mechanism for the first
time. As this section might appear rather abstract, we
recommend to read it together with Sec. III A. In Sec. III,
we construct gauge-invariant bound state operators for
SO(N) gauge theories with scalar fields in the funda-
mental (III A) as well as irreducible second-rank tensor
representations (III B and III C). In Sec. IV, we use the
FMS formalism to discuss the gauge-invariant spectrum
of SU(N) gauge theories. After a brief preparatory work
in Sec. IVA, we study in Secs. IVB and IVC the sym-
metric and antisymmetric second-rank tensor represen-
tation, respectively. Finally, we outline the implications
of the FMS formulation for general GUT-like structures
3in Section V. A summary can be found in Sec. VI.
II. GENERAL PROPERTIES OF THE FMS
MECHANISM
The seminal work of Fröhlich, Morchio, and Strocchi
illustrates a convenient way to compute observables in
the electroweak sector of the standard model in a strict
gauge-invariant manner [31, 46]. A generalization to
other gauge groups and representations is straightfor-
ward and the analysis of Ref. [54] has shown that the
computation of the gauge-invariant bound state spec-
trum via the FMS approach sheds a new light on the
particle content of BSM models with a BEH mechanism.
In order to obtain a better understanding of the underly-
ing mechanism and under which circumstances the con-
ventional gauge-fixed treatment of the particle spectrum
is adequate for such theories, we systematically extend
this analysis.
In general, we consider a theory with gauge group G
that breaks to a subgroup H due to the BEH mecha-
nism in the conventional picture. However, from a con-
ceptual point of view only those Green’s functions can
be nonvanishing which are invariant under local gauge
transformations of the original gauge group G and it is
impossible to have spontaneous gauge symmetry break-
ing [32]. The symmetry breaking is merely imposed by
gauge fixing, implying that gauge-dependent correlation
functions become nonvanishing [31, 46].
The trivial fact that a physical observable has to be
gauge-invariant by definition implies that any observable
has to be formulated in a G-invariant way, i.e., it has
to transform as a singlet under transformations of the
gauge group G. Nevertheless, under certain conditions it
turns out that it is very convenient to compute proper-
ties of H-invariant objects, i.e., to investigate properties
of operators in the effective theory after gauge symme-
try breaking due to gauge fixing, as they can be directly
related to G-invariant states. This duality is formally
explained by the FMS mechanism.
A. The FMS formalism
The first task of the FMS procedure is the following,
formulate an operator which is strictly invariant with re-
spect to gauge transformations of G albeit the gauge fixed
action is only invariant under H. These operators are
necessarily composite. The only trivial exception is real-
ized in case the action already contains a field transform-
ing as a G-singlet. Further, we consider in the following
only local (or almost local) operators that allow for a
simple interpretation as potential bound state operators.
Of course, it is also feasible to define other gauge in-
variant objects such as connecting two elementary fields
at different spacetime points via a Wilson line. How-
ever, these are inherently nonlocal and thus do not allow
for a straightforward interpretation as common particles,
i.e., we do not expect that these type of gauge-invariant
operators are able to describe localized states. Nonethe-
less, such operators have to be considered to gain a com-
prehensive picture of the investigated model but this is
clearly beyond the scope of this work.
The second step is to choose a gauge in which the scalar
field acquires a nonvanishing VEV which minimizes the
scalar potential. Then it is convenient to split the scalar
field into its VEV and a fluctuation part and to ana-
lyze the properties of the resulting fields that are now
described by an effective low energy theory being only
invariant under H transformations as usual. Further, we
are able to expand the G-invariant operators associated to
physical observables of the system which provides a map-
ping to H-invariant objects. Although, each H-invariant
operator is gauge dependent with respect to the original
gauge group G, the gauge-invariant information of the G-
invariant operator is encoded at least in the sum of theH-
invariant terms of the expansion by construction. Thus,
we may take either a top-down or bottom-up viewpoint.
From the top-down perspective, we simply investigate via
this FMS mapping as to whether G-invariant objects can
be described by possibly simpler H-invariant ones. The
bottom-up viewpoint allows to answer the question if a
physical system described by an effective gauge theory H
can be embedded into a G-invariant description with the
aid of the BEH mechanism.
Let us formulate these statements mathematically
more precise by considering the classical action of a non-
Abelian gauge theory with field strength tensor Fµν cou-
pled to a single scalar field φ in some representation of
the gauge group G,
S =
∫
x
[
−1
2
tr(FµνF
µν) + (Dµφ)
∗a¯(Dµφ)a − V (φ)
]
,
where a is a multi-index encoding all possible indices
characterizing the given representation and Dµ is the co-
variant derivative. Note, that we use bared notation to
indicate complex conjugate representations if necessary.
In principle, the potential V can consist of any gauge-
invariant term build from the scalar field but we restrict
the analysis to those operators which are renormalizable
by power-counting. Additionally, we always assume that
the scalar potential has one or several nontrivial minima
such that the scalar field acquires a nonvanishing VEV
〈φ〉 in a suitable chosen gauge and perform the following
split
φ(x) = 〈φ〉+ ϕ(x). (1)
Further, we use the notation 〈φ〉 = vφ0 for real-valued
scalar fields and 〈φ〉 = v√
2
φ0 if φ is complex. φ0 char-
acterizes the normalized direction of the VEV in gauge
space, i.e., defines the breaking pattern, and v is its mod-
ulus setting the symmetry breaking scale. Throughout
this paper, we analyze the mass spectra for the elemen-
tary fields appearing in the action as well as for the bound
4states on a classical level and do not include higher-order
quantum corrections. As long as also the quantum effec-
tive potential obeys the same properties (nonvanishing
VEV for the scalar field with same breaking pattern),
the results will vary only on a quantitative but not on a
qualitative level.
At the beginning of each subsection, we will sketch the
textbook computation for the mass matrices of the gauge
boson and scalar fields in a fixed gauge with nonvanish-
ing VEV. The simplest way to extract the mass param-
eters of the involved elementary fields at tree level is to
perform the calculations in the unitary gauge where the
would-be Goldstone modes are removed from the spec-
trum. Of course, analogous calculations can be done in
other gauges with a nontrivial VEV as well. For instance,
the results can be translated to Rξ gauges in a straight-
forward manner. The analysis on the level of the ele-
mentary fields also shows the decomposition of the fields
assigned to G multiplets into multiplets of the remaining
unbroken subgroup H ⊂ G. This decomposition can be
formulated in a gauge-covariant but obviously not in a
gauge-invariant way with respect to G with the aid of φ0.
As a simple example consider an SU(N) gauge theory
with a scalar field φ in the fundamental representation. If
the scalar field acquires a nonvanishing VEV, we have the
breaking G = SU(N)→ H = SU(N−1). The gauge field
Aµ can be decomposed into an H-singlet, φ†0Aµφ0 ≡ Aµs ,
a field transforming as a complex fundamental vector of
H, Aµφ0−Aµs φ0 ≡ Aµf , and (1−φ0φ†0)Aµ(1−φ0φ†0) ≡ Aµa
being the massless gauge field of the remaining unbroken
gauge groupH. The subscripts s, f, a of the H multiplets
indicate that the fields are in the singlet, fundamental,
and adjoint representation of H.1 Later, we will also use
2s and 2a to indicate the second-rank symmetric and an-
tisymmetric tensor representations, respectively. Similar
G-covariant decompositions into multiplets of H can be
constructed for other representations, gauge groups, and
the scalar sector as well. A particularity of the decompo-
sition of the scalar field φ into H multiplets is given by
the fact that it always contains a singlet with respect to
H, irrespective of the original gauge group G or the rep-
resentation. This singlet is given by the fluctuating field
proportional to the direction of the VEV ∼Re(φ∗a¯0 φa)
which we will also call radial Higgs excitation through-
out this paper.
In order to obtain gauge-invariant objects, a dressing
as in Abelian gauge theories is not possible due to the
Gribov-Singer ambiguity [27–29]. As long as no gener-
alization of such a dressing is known, non of the ele-
mentary degrees of freedom are observable particles in
a non-Abelian gauge theory. This might be obvious for
1 Note that the inhomogeneous part of a gauge transformation re-
stricted to the H subgroup drops out for Aµs and A
µ
f as such
a transformation leaves φ0 invariant. Thus, these fields trans-
form indeed as spin-one matter fields being in the singlet and
fundamental representation of H.
the fields transforming under a nontrivial representation
of H. If H is non-Abelian, the gauge coupling associ-
ated to this subgroup can become large in the infrared
(IR), depending on the precise field content in the gauge
fixed theory. Thus, this subsector would develop a be-
havior similar to QCD where the quarks are replaced by
bosonic degrees of freedom which become confined.
Although they are often treated in the literature as
they would, also the fields being singlets with respect
to the remaining gauge group H after symmetry break-
ing cannot be part of the physical state space due to
the Gribov problem even though they are singlets of the
perturbative BRST transformations. Strictly speaking,
the same is true for the embedding of H-invariant bound
states in the context of the original gauge structure G.
Once more, a physical observable has to be formulated
in a strict G-invariant way. The term spontaneous gauge
symmetry breaking is merely a figure of speech, though
a quite convenient one for the standard model due to its
special group theoretical structure [31, 46] but not neces-
sarily for BSM models [6, 7, 54, 55]. For this reason, we
will be as conservative as possible and do formally not
interpret H-invariant objects as observables of the actual
G-gauge theory. Nevertheless, some of the H-invariant
objects can be extracted from a strict G-invariant counter
part via the FMS mechanism such that a duality between
the states of the different theories can be established.
Following the FMS strategy, we will analyze the spec-
trum of a theory with BEH mechanism in terms of its
bound states. Any gauge-invariant object can only be
classified according to the global symmetries of the the-
ory. Besides spin and parity, internal global symmetries
can be used to characterize the different channels. We
will restrict this discussion and the construction of bound
state operators for the various theories investigated in the
following to the scalar (0+) and vector (1−) channel but
further subdivide these two channels into multiplets of
possible internal global symmetries if they exist.
A simple example for the FMS approach can be for-
mulated in the scalar channel. We can always build
a gauge-invariant composite scalar operator given by
O(x) = φ∗a¯(x)φa(x). Choosing a gauge with nonvan-
ishing VEV and splitting the elementary field operators
according to Eq. (1), we obtain the FMS expansion for
this scalar operator,
O = φ∗a¯φa = 〈φ∗a¯〉〈φa〉+ 2Re(〈φ∗a¯〉ϕa)+ ϕ∗a¯ϕa. (2)
Ignoring the unimportant constant term 〈φ∗a¯〉〈φa〉, the
leading order term in the fluctuating field is given by the
radial Higgs excitation Re
(〈φ∗a¯〉ϕa) ∼ Re(φ∗a¯0 φa). At
next-to-leading order, we obtain an operator that will
generate a trivial scattering state at the elastic threshold
of the elementary scalar singlet and possibly additional
bound states, depending on the representation and the
range of validity of the FMS mechanism, see Sec. II B.
The spectrum as well as further properties of the bound
state operator φ∗a¯φa or any other operator are encoded
in its n-point functions. In order to extract the mass,
5we investigate its propagator with the aid of the FMS
expansion (2),
〈O(x)O(y)〉 = 4
〈
Re
(〈φ∗a¯〉ϕa(x))Re(〈φ∗b¯〉ϕb(y))〉
+
〈(
ϕ∗a¯ϕa
)
(x)
(
ϕ∗b¯ϕb
)
(y)
〉
+ · · · . (3)
The most important result is highlighted in the first line
on the right-hand side. In nontrivial leading order in the
FMS description, the bound state propagator behaves
like the propagator of the radial Higgs excitation. Thus
the masses coincide if the pole structure on the right-
hand side is not altered by the higher-order n-point func-
tions. In general, the bound state operator on the left-
hand side is an inherently nonperturbative object but in
case the FMS mechanism works for a theory with BEH
mechanism, we have a simple approach to address its
properties in a suitable gauge by investigating the prop-
erties of the radial Higgs excitation in the current exam-
ple. The dots in the second line hide an unimportant
constant term, disconnected parts, as well as three-point
functions which vanish if the n-point functions are eval-
uated at trivial order in the coupling constants but give
nontrivial contributions to the analytic structure of the
bound state propagator at higher order. Further, the
second line explicitly contains the four-point function for
later illustrative purposes. We also would like to stress
the importance of choosing a gauge with nonvanishing
VEV. Otherwise the FMS expansion is rather trivial.
From this analysis we are able to conclude that al-
though the radial Higgs excitation is a gauge-dependent
object, it generates a state which also has a strict gauge-
invariant description in terms of a G-invariant composite
operator. This latter fact justifies that this particular
state is part of the spectrum of the theory. At this point
one might be tempted to infer that similar constructions
can be found for the other elementary degrees of freedom
as well. Indeed, it is possible to find simple operators in
the vector channel that expand to a single elementary
gauge boson for SU(N) gauge theories with a scalar field
in the fundamental or adjoint representation [54]. All
examples that provide a mapping between a G-invariant
bound state and a single elementary field that have been
found in the literature as well as presented in the subse-
quent sections have one common property. The elemen-
tary fields are always singlets with respect to the remain-
ing unbroken gauge group H. This is consistent with the
following comparatively simple group-theoretical point of
view.
Due to symmetry breaking, we decompose the original
G multiplets of the model into multiplets of the unbro-
ken gauge group H. The operator on the left-hand side
of the FMS expression is strictly invariant under G trans-
formations which implies that the resulting terms on the
right-hand side are invariant with respect to H, i.e., they
transform as singlets and thus no mapping to a single
elementary field that transforms in a nontrivial way ac-
cording to H can be constructed. However, that does
not mean that the resulting objects on the right-hand
side cannot contain nontrivial H multiplets. They are
rather bound into H-invariant composite states. This is
expected as in the conventional picture they are anyhow
confined if H is non-Abelian.
For instance, consider once more the fundamental case
for SU(N). The G-invariant vector operator φ†Dµφ =
i
2gv
2φ†0Aµφ0 + O(ϕ) expands in leading order to the H
singlet Aµs as well as scattering states at higher order in
the expansion but not to an element of the massive fun-
damental vector field Aµf . Nonetheless, we may consider
the scalar operator φ†D2φ = − g2v22 φ†0A2φ0+O(ϕ) where
we have omitted an unimportant term proportional to
the longitudinal part of Aµs at leading order. The FMS
expansion projects on a particular H-invariant combina-
tion of the massive vector fields which can be written
as a superposition of two H-invariant objects if we use
the multiplet decomposition, φ†0A
2φ0 = A
†
fµA
µ
f +AsµA
µ
s .
The first term A†fµA
µ
f is precisely a composite operator
one would naively investigate in the low energy effective
theory valid below the scale v. The term ∼A2s simply
reflects the fact that we expect a cut at the level of the n-
point functions in the scalar channel starting at twice the
mass of the massive vector boson Aµs . Indeed, A
µ
s can be
used to describe a physical particle due to its nontrivial
description in terms of the G-invariant operator φ†Dµφ.
Strictly speaking the FMS mechanism does formally
not provide a mapping from G-invariant bound states on
states generated by the elementary field operators but
defines a relation between G- and H-invariant states in
a fixed gauge. Of course, in case H is trivial, all ele-
mentary degrees of freedom are H-invariant and the G-
invariant bound states expand in leading order to ele-
mentary fields. This is indeed the case for the standard
model as the weak sector has no non-Abelian structure
left after gauge symmetry breaking and an exact bound-
state–elementary-state duality can be established due to
the custodial symmetry group, see App. A. This duality
has to be revised to the notion of H-invariant objects if
a broader context is considered, emphasizing the special
structure of the standard model.
B. Validity of the FMS mechanism and
classification of operators/states
Before we start to discuss various examples, a few more
statements and details are necessary. The identification
provided by the FMS mechanism is nontrivial. At first
glance, the expansion is an exact identity/rewriting of
the original G-invariant operator in terms of H-invariant
objects in a fixed gauge. Thus, if any G-invariant com-
posite operator indeed generates a bound state, the pole
structure of its correlator is hidden in one of the terms
on the right-hand side of the expansion. There, each
term is individually gauge-dependent with respect to G
and can meaningfully be addressed only in the specific
chosen gauge. Nonetheless, the sum of all the terms is
6invariant by construction.
Let us consider first the case, where the G-invariant
operator expands to a single elementary field in leading
order. At least as long as the scalar fluctuations are small
compared to the VEV, it can be expected that the identi-
fication of the bound state operator with the elementary
field holds. This is obviously the case for the Higgs sector
of the standard model and has been tested in nonpertur-
bative lattice calculations for the weak-Higgs subsector
as well as for an SU(3) gauge theory with fundamental
scalar field [6–10, 49]. Up to what extend it also holds
in the nonperturbative regime, i.e., at which coupling
strength the pole structure of the n-point functions on
the right-hand side might get altered, is not fully ex-
plored yet. But as long as the theory is weakly coupled
at the characteristic scale defined by the minimum of the
(effective) potential, it is likely that it holds similar to
the standard-model case.
Furthermore, it is not clear as to whether the identifi-
cation also holds, if the H singlet on the right-hand side
is not a single elementary field but a composite operator
build from nontrivial H-multiplets. Provided that some
of the constituents receive a mass term due to the BEH
mechanism such that the mass parameter is O(v), it can
be assumed that the mass of the H bound state is also
of that order, if v ≫ ΛH with ΛH the characteristic scale
of the non-Abelian gauge theory H where the associated
coupling constant becomes large. Assuming a simple con-
stituent model, we will approximate the mass by the sum
of the mass parameters of the elementary fields in the fol-
lowing but keep in mind that the mass relation is rather
between the G and H bound state. These type of oper-
ators do not allow for a simple perturbative treatment
as in the case of single elementary field operators on the
right-hand side. Nevertheless, they can be calculated by
lattice simulations or via functional methods. Assuming
that the bound state indeed exists in the effective the-
ory with gauge group H being a gauge fixed version of
the original theory with gauge group G, it would be in-
teresting to see if the FMS approach also allows for an
identification of the bound states as the underlying group
theoretical structure of the mechanism dictates.
The answer to this question might be more intricate
than one would naively expect. Formally, we are able
to divide the composite operators as well as their map-
ping and the states they produce into different classes.
First, we define a single H-invariant operator as an H-
singlet which cannot be decomposed further, i.e., it is
created as a product of irreducible H multiplets and co-
variant derivatives thereof. For instance, h, Aµs , and
A†fµA
µ
f are single H-invariant operators while φ†0A2φ0 =
A†fµA
µ
f + AsµA
µ
s is not. The FMS expansion in terms of
the split (1) results in a linear combination of products of
G-covariant objects which are H singlets. Some of these
products can be decomposed further via the standard
multiplet decomposition while others already express sin-
gle H-invariant operators in a unique manner. Therefore,
we define the following:
1. The first class consists of those single H-invariant
operators that can be extracted in a unique way
from a G-invariant operator via the FMS expansion
at some fixed order in the expansion parameter ϕ/v
without requiring any further multiplet decompo-
sitions.
Correspondingly, we define a state of the first class as
a state generated by an operator of the first class and
similar for the later introduced classes. For convenience,
we will also use the mathematical symbols characterizing
operators (e.g., h, φa¯φa, · · · ) for both the operators them-
selves as well as the states generated by these operators in
the following. Which interpretation is meant will be obvi-
ous from the context. States of the first class play an im-
portant role for the G-H duality as sufficiently strong ev-
idence is accumulated from lattice simulations that these
are part of the G-invariant spectrum, see Sec. II C.
At most those operators can belong to the first class
who contain at least one constituent that operates in the
same subspace in which φ0 acts nontrivial. Straightfor-
ward examples of the first class are the cases where the
FMS expansion projects on an elementary field, e.g., the
radial Higgs excitation or the massive gauge singlet Aµs
for an SU(N) theory with fundamental scalar field.
A nontrivial example where we get a relation between
a G-invariant operator and an H-invariant composite ob-
ject belonging to the first class is given by an vector oper-
ator with open global U(1) quantum number for an SU(3)
gauge theory, see App. A. An easier example can be found
by considering an SO(N) gauge theory with scalar field
in the fundamental representation. Here, we obtain only
one massive gauge multiplet Aµf = A
µφ0 transforming
under the fundamental representation of SO(N−1) in the
conventional picture of gauge symmetry breaking. From
the perspective of the effective theory with broken gauge
group, we would expect that the scalar meson-type oper-
ator ATf Af (we omit the Lorentz indices for better read-
ability in the following) generates a possible H-invariant
bound state. This operator has a strict G-invariant ana-
log by the operator φTD2φ = −g2v2ATf Af + · · · which
expands in leading order in the FMS prescription to that
meson operator.2 Depending now on the precise details
of the model, in particular its couplings, the propagator
of the G-invariant composite operator〈(
φTD2φ
)
(x)
(
φTD2φ
)
(y)
〉
=
v4g4
4
〈(
ATf Af
)
(x)
(
ATf Af
)
(y)
〉
+ · · ·
may have a pole, if the four point function on the right-
hand side can indeed be interpreted as the propagator of
a bound state of the remaining H-invariant gauge theory.
2 Throughout this paper, we will use the term meson for any object
which consists of two matter fields regardless of whether these
are scalars, fermions, or massive vector particles.
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multiplets in the SU(N) case, namely As and Af . Thus,
we obtain from the FMS expansion of φ†D2φ at lead-
ing order only a projection on the superposition of H-
invariant combinations of both multiplets as we have
seen previously. The contained scattering state generated
by A2s and the bound state operator A
†
fAf can only be
identified if we additionally decompose the multiplet by
hand. Moreover, there exists no simple G-invariant oper-
ator that expands unambiguously to A†fAf such that it is
not contained in the first class and can only be extracted
if we use the gauge-variant decomposition. Therefore, we
assign it to the second class which we define as follows:
2. The second class is defined as the union of those
single H-invariant operators that can only be ex-
tracted from a G-invariant operator if we allow for
a decomposition of the G into H multiplets.
Some further straightforward examples can be obtained
from those G-invariant operators which have a trivial ex-
pansion in terms of (1) such that we rely on the decom-
position of the multiplets to decompose the G-invariant
operators into H-invariant objects anyway. For instance
consider the G-invariant scalar glueball operator trF 2. In
the conventional gauge-fixed language, we would decom-
pose trF 2 = trF 2a + 2|Ff |2 + A†fFaAf + · · · and interpret
the states generated by these three H-invariant opera-
tors as observable quantities. However, we will sketch in
Sec. II C that states of the second class will likely not
be part of the observable spectrum. The dots indicate
that we omitted further terms of the decomposition. All
of them describe trivial scattering states in the simple
constituent model, e.g., F 2s , |Af |2A2s , A†µf Aνf AsµAsν .3
Note, that there is no G-invariant operator build by
powers of the elementary G-multiplets that expands to
either trF 2a or F
†
f Ff according to the requirements of the
first class. Although we can define a projection operator
which is nonlinear in the scalar field, 1 − φφ†φ†φ , and thus
can build a G-invariant operator tr((1 − φφ†
φ†φ
)F 2
)
where
3 We have chosen to decompose the Yang-Mills degrees of free-
dom at the level of the gauge potential A. This decompo-
sition does generally not translate to the corresponding field
strength tensors except for accidental cases. For instance, for
the massive vector multiplet for the SO(N) fundamental case,
Af = Aφ0, and its field strength tensor Ff , we obtain indeed
Fµνφ0 ≡ F
µν
f
= Dµ
H
Aν
f
−DνHA
µ
f
with Dµ
H
= ∂µ + gAµa . In case
there is only one massive vector multiplet, the projection on this
field will likely also extract the corresponding field strength ten-
sor if it is applied on the G field strength tensor for all possible
gauge theories. However, one always obtains additional terms
from the commutator [Aµ, Aν ] if we consider the subspace of
the unbroken gauge sector, e.g., (1 − φ0φ
T
0 )F
µν(1 − φ0φ
T
0 ) =
Fµνa + g(A
µ
f A
Tν
f −A
ν
f A
Tµ
f ) for SO(N)→ SO(N − 1). We obtain
additional terms also for theories with more than one massive
vector multiplet, e.g., φ†0Fφ0 6= Fs and Fφ0 − Fsφ0 6= Ff for
SU(N) with fundamental scalar.
the constituent multiplet (1−φφ†
φ†φ
)Fµν expands in leading
order to the desired H multiplet, it is a straightforward
exercise to show that the gauge-invariant operator is just
a rewriting of the operators trF 2 and φ†F 2φ. Thus, we
have to assume that the decomposition for the gauge-
invariant spectrum holds to find a strict gauge-invariant
description of a possible glueball state trF 2a . This feature
is generic for all glueball operators associated to the un-
broken subgroup independent of the gauge group or the
representation of the scalar field.
The fact that some H-invariant states follow only from
a decomposition of the multiplets holds not only for those
G-invariant operators that have a trivial FMS expan-
sion. This circumstance can appear to any order in the
FMS expansion at which we do not obtain a single H-
invariant operator. We have already seen this effect at
leading order for A†fAf . An example where this effect
appears at higher orders in the FMS expansion is the
scalar operator defined in Eq. (2) at O(ϕ2). Suppose
φ contains further non–would-be-Goldstones besides the
radial Higgs excitation which are assigned to some H
multiplets as it is generally the case for tensor represen-
tations. Then, ϕ∗a¯ϕa might contain not only the trivial
scattering state of the radial Higgs excitation but also
possible bound state operators whose propagators are
encoded in the four-point function in the second line of
Eq. (3) if the gauge-variant multiplet decomposition is
meaningful. The FMS formalism does not provide a fur-
ther ordering of the H-invariant terms at this order in
the expansion. If no further G-invariant operator can be
found that expands to such a single H-invariant bound
state operator, they belong to the second class. This
seems to be the case at least for all investigated exam-
ples in which the additional Higgs fields are not singlets
with respect to H.
Though the first two classes cover a wide range of pos-
sible states, there are still some states left which are not
related via a duality relation. Therefore, we define the
third class in the following way:
3. The third class contains those operators generating
states which are well defined observables from the
perspective of a theory with gauge group H but
cannot be defined in a G-invariant way.
We provide a simple example for such states at the end of
Sec. III A. In particular, they will play an important role
for BSM model building which we outline in the context
of grand unified scenarios in Sec. V.
Finally, we would like to mention that also a fourth
class of states is conceivable. These are states appearing
in the spectrum of the theory with gauge group G but
cannot be addressed in terms of H-invariant operators
and are thus generated by inherently nonperturbative ef-
fects of the G-invariant composite operators. As such
states cannot be addressed within the FMS framework,
we will ignore this possibility in the following. If they
indeed exist, they can only be revealed by other nonper-
turbative tools. Currently, no such state has been seen
8by lattice simulations.
C. Nonperturbative tests of the FMS mechanism
It is an interesting but challenging task for lattice or
functional tools to show that the FMS predictions are
valid beyond the examined case where the G-invariant
operators expand to elementary H-singlet fields, i.e., for
the case bound state to bound state mapping. The only
preparatory work in this direction is the investigation of
an SU(3) gauge theory with a single scalar field in the
fundamental representation [7]. There, the validity of
the FMS expansion has been shown for the mapping to
elementary fields being singlets of H in a first step. Fur-
ther, nontrivial bound state operators were considered
in the vector channel with open U(1) quantum number
that expand to SU(2)-invariant bound states belonging to
the first class. Due to resources, the G-invariant bound
state spectrum was investigated in this channel but the
pole structure of the H-invariant bound state counter-
part was not. Nonetheless, it could be shown that the
ground state mass of the G-invariant spectrum is in ac-
cordance with the simple constituent model one would
apply to the H-invariant bound states as its assumptions
are fulfilled. This provides evidence that the G-H duality
operates for all operators of the first class. Not only for
those that expand to simple elementary fields but also
for those who map to more sophisticated objects. Thus,
states of this class can be investigated along the usual
lines within the BEH framework. In particular, masses
of G-invariant states that can be mapped onto elemen-
tary fields can be computed in a standard perturbative
setting in the weak coupling regime.
An additional nontrivial test can be done within the
SU(3) model by considering the SU(2)-invariant opera-
tors A†fAf or F
†
f Ff . These might be encoded in different
SU(3)-invariant operators but belong to the second class
as we have seen in the previous discussion. Interestingly,
these operators have not been seen on the lattice yet as
no operator included in the variational analysis seems to
have substantial overlap with these states if they are part
of the spectrum [7]. This might have several reasons. The
only investigated operator that may have some overlap
with the state F †f Ff is the G-invariant glueball opera-
tor trF 2 if the decomposition of the symmetry break-
ing viewpoint transfers in a straightforward manner. It
seems mandatory to extend the variational analysis by
other operators such as φ†F 2φ to make a decisive state-
ment. Unfortunately there is another obstacle. The pa-
rameter sets of the lattice simulation studied so far imply
that the mass of the hybrid bound states F †f Ff is close
to the mass of the radial Higgs excitation by accident,
making the identification of this state difficult for the
current data sets. The same is true for the meson-type
state A†fAf which would be included in φ
†D2φ if states
of the second class belong to the G-invariant spectrum.
In case the G-H duality is applicable for operators of
the second class, we expect that not only the states A†fAf
and F †f Ff are part of the SU(3)-invariant spectrum but
also the SU(2) glueball. However, the state generated
by this operator is also not seen. To extend the lattice
analysis into that direction is challenging. The mass of
this operator will be set by the scale ΛSU(2), where the
gauge coupling of the unbroken subsector becomes large.
This scale is usually far separated from the characteristic
scale set by the Higgs sector v, if the original gauge the-
ory is not already strongly coupled at that scale. Such a
large separation by several orders of magnitude is techni-
cally not accessible yet. At least the massless elementary
gauge bosons behave perturbatively as one would expect
at the investigated scales in a gauge-fixed set up on the
lattice. One may conclude that this can be viewed as
a hint that such a glueball operator exists. However, it
would then manifest in the volume dependence of the
ground state if the operator trF 2 has sufficient overlap.
This is not seen in the actual lattice calculations [6, 7].
Also in this case a larger operator basis for the varia-
tional analysis will settle the question as to whether the
SU(2) glueball state is contained in the spectrum. Al-
ternatively one may perform a lattice study at almost
strong coupling at the scale v. However, it will then be-
come an intricate task to disentangle effects coming from
BEH physics from those generated by the large gauge
coupling similar to a QCD system. Thus, we conclude
that it seems reasonable to first focus on the states gen-
erated by A†fAf or F
†
f Ff to examine as to whether the
state duality holds for states of the second class.
In the following, we will analyze the bound state spec-
trum of various BEHmodels via the FMS mechanism and
highlight the particularities of the spectra of the different
models. We will mainly focus on operators belonging to
the first class. At least for those, we have sufficient lattice
support to trust the nontrivial FMS mapping. We also
consider operators of the second class to demonstrate the
maximal possible overlap between the states of the theo-
ries with gauge group G andH. However, one should keep
in mind that for these operators the results have to be
treated with caution as current lattice simulations pro-
vide hints that the duality cannot be extend to operators
of this class. Thus, we assume at this point that states of
the second class are not present in the G-invariant spec-
trum, although one would naively expect them from the
conventional perspective of spontaneous gauge symme-
try breaking. This might be traced back to the following
difference. Technically both, the multiplet decomposi-
tion as well as the FMS decomposition defined by the
split (1), are gauge dependent and one could scrutinize
the meaningfulness of the distinction between operators
of the first and second class. However, the FMS expan-
sion provides a clear ordering scheme of the occurring
terms on the right-hand side in terms of ϕ/v in a fixed
gauge. This ordering scheme is lost for the conventional
multiplet decomposition and thus for the extraction of
objects assigned to the second class from G-invariant op-
erators.
9III. SO(N) GAUGE THEORY
We start our concrete analysis by extending the inves-
tigations of the fundamental and adjoint representation
for SU(N) gauge theories, see [54], to the special orthog-
onal group. Additionally, we include also the symmetric
second-rank tensor representation to obtain a complete
overview over the low dimensional representations up to
second-rank tensors.
As the scalar fields are real valued for these represen-
tations, the only potential global symmetry is given by a
discrete Z2 symmetry if we consider only one scalar field,
φ → −φ and Aµ → Aµ. Therefore, we will classify all
SO(N)-invariant observable states into Z2-even and Z2-
odd states. The global symmetry may be broken explic-
itly, e.g., by a cubic coupling for the symmetric second-
rank tensor, due to dynamical effects, or is in some cases
already part of the gauge transformations. Regardless
of whether this is the case, we will provide examples for
both Z2-even and Z2-odd operators. If the global sym-
metry is broken, transitions between the two channels
are allowed without preserving the Z2 quantum number,
e.g., a decay of a Z2-odd state into two Z2-even states is
possible if kinematically allowed. From the perspective
of the spectroscopy, we just have enlarged the number of
operators of the considered JP channel and the distinc-
tion is not necessary but can be done. If the symmetry is
intact, the global quantum number has to be conserved
in a decay process. In particular, we obtain two differ-
ent ground states in every JP channel distinguished by
the global quantum number. Depending on the precise
details of the theory, in particular the mass ratios of the
states, the ground states of the different channels can be
bound states, resonances, or only scattering states.
A. Fundamental representation
In order to warm up for the more involved tensor rep-
resentations, we start with the fundamental representa-
tion of the SO(N) group. In this case, the scalar field
transforms as a vector φ → Rφ, where R is an element
of the orthogonal group, i.e., RTR = 1. The covariant
derivative readsDµφ = ∂µφ+gAµφ and the most general
potential up to fourth order in the field is
V (φ) = −µ
2
2
φTφ+
λ
8
(φTφ)2. (4)
Without loss of generality, we can choose φa0 = δ
aN as
the direction of the vacuum expectation value if µ2 > 0.
Thus, the field configuration that minimizes the poten-
tial is φmin = vφ0 = 〈φ〉 with µ2 = 12λv2. All other
solutions are related by an SO(N) transformation. Ob-
viously, this solution is invariant under transformations
of the subgroup SO(N − 1) and the breaking pattern
reads SO(N) → SO(N − 1) due to gauge fixing. Albeit
the gauge symmetry of the system is a redundancy in our
description rather than an actual symmetry, this situa-
tion is often called spontaneous gauge symmetry break-
ing, adopting the vocabulary of spontaneous symmetry
breaking for a global symmetry. The (N−1) fields stored
in φ which are orthogonal to φ0 will become would-be
Goldstone bosons and are removed from the elementary
spectrum in the unitary gauge. Therefore, the scalar field
can be written in the unitary gauge as
φ(x) = vφ0 + ϕ(x) =
(
v + h(x)
)
φ0 (5)
with one real-valued scalar degree of freedom h(x) =
φT0 ϕ. The mass of the radial Higgs excitation h is given
by m2h = λv
2. The mass matrix of the gauge bosons M2A
can be obtained from the kinetic term of the scalar field
as usual and we obtain,
1
2
(M2A)ijAiµA
µ
j = g
2v2φT0 A
T
µA
µφ0
with Aµ = Aµi Ti. Normalizing the generators Ti to ful-
fill tr(TTi Tj) =
1
2δij , (N − 1) gauge fields obtain a mass
parameter m2Af =
1
2g
2v2. Note that we use lower in-
dices starting from i, j, k, · · · to indicate objects in the
adjoint representation while upper indices starting from
a, b, c, · · · are fundamental indices. The massive vector
bosons transform as a fundamental vector of SO(N − 1)
and can be extracted from the SO(N) gauge field by
Af = Aφ0. The remaining
1
2 (N−1)(N−2) gauge bosons
encoded in Aa = (1−φ0φT0 )A(1−φ0φT0 ) are the massless
gauge fields of the unbroken SO(N − 1) subgroup.
Ignoring Elitzur’s theorem and the Gribov-Singer am-
biguity, we would expect the following spectrum in the
conventional picture for N ≥ 4: In the scalar channel
the states generated by operators with lowest field con-
tent are the radial Higgs excitation h, a scalar glueball
state tr(F 2a ), and a scalar meson-type operator where the
constituents are the massive vector bosons ATf Af . In the
vector channel, one would expect a hybrid state contain-
ing two massive vector bosons and a massless gauge bo-
son, e.g., ATfνD
νAµf . Furthermore, we have possible states
generated by composite operators involving more elemen-
tary fields as the scalar hybrid operator FTfµνF
µν
f . The
case N < 4 is analyzed at the end of this subsection.
In order to discuss the gauge-invariant bound state
spectrum of the original SO(N) theory, we carefully dis-
tinguish between the groups with even N = 2K and odd
N = 2K+1. If we consider the special orthogonal group
for odd N , the action of the model obeys a discrete Z2
symmetry, φ → −φ, such that we can distinguish the
states due to this global symmetry in Z2 even and odd
states. This symmetry transformation is already part of
the gauge transformation for even N , φ → −φ = −1φ,
as −1 ∈ SO(2K). Therefore, we distinguish the gauge-
invariant states only with respect to their spin and parity
in this particular case.
The simplest gauge-invariant scalar state that can be
build for allN is given by the product of two fundamental
scalar fields and expands in the FMS framework to a
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single Higgs field h in nontrivial leading order.
φaφa = v2 + 2vφa0ϕ
a + ϕaϕa = v2 + 2vh+ h2, (6)
where we have used the unitary gauge condition in the
second identity. Thus, we have found a gauge-invariant
description of the radial Higgs excitation also for the
fundamental representation of SO(N) models, implying
mφTφ = mh. Of course this is not a surprise as this is al-
ways possible for the radial Higgs excitation irrespective
of the representation or the gauge group as we have seen
in Sec. II, cf. Eq. (2).
Further, we investigate in this channel the Z2-even op-
erator
φTDµD
µφ = −g2v2ATfµAµf +O(ϕ) (7)
which expands in leading order to the SO(N − 1)-
invariant scalar meson operator build by two massive vec-
tor bosons. We approximate its mass by the sum of its
constituents mφTD2φ = mAT
f
A
f
≈ 2mAf . At higher or-
der in the expansion, the pole structure generated by (6)
is formally encoded in the propagator of φTD2φ as well.
Thus, we will obtain off-diagonal terms at the level of the
propagators of φTφ and φTD2φ. In order to avoid this,
one may equivalently consider the operator (Dµφ)
TDµφ.
Furthermore, we obtain trivial scattering states at 2mh,
mAT
f
A
f
+mh, mAT
f
A
f
+2mh. According to the definitions
of Sec. II, the bound state ATf Af belongs to the first class
as we can extract it purely by the FMS decomposition.
Thus, it is likely part of the SO(N)-invariant spectrum.
Also the hybrid states generated by FTfµνF
µν
f belong to
the first class. This can be deduced from the operator
φTFµνF
µνφ and its FMS expansion. They might be en-
coded in trF 2 as well. However, the operator FTf Ff can
only be extracted via the conventional multiplet decom-
position from trF 2. This is also the case for trF 2a and
ATf FaAf . In contrast to F
T
f Ff , the operators trF
2
a and
ATf FaAf belong to the second class as no SO(N)-invariant
operator can be found that maps unambiguously to these
two operators without using the conventional multiplet
decomposition.
For SO(2K+1), the scalar spectrum contains an addi-
tional channel which is odd with respect to the global Z2
symmetry, resulting in a further potentially stable par-
ticle (depending on the mass spectrum in the other JP
channels). A possible example of an operator with odd
Z2 parity involves the invariant epsilon tensor and reads
ǫa1···a2K+1φa1(F µ2µ1 )
a2a3(F µ3µ2 )
a4a5 · · · (F µ1µK )a2Ka2K+1
= (v + h) ǫa1···a2K+1φa10 (F
µ2
µ1 )
a2a3 · · · (F µ1µK )a2Ka2K+1
= vǫa˙1···a˙2K (F µ2µ1 )
a˙1a˙2 · · · (F µ1µK )a˙2K−1a˙2K +O(ϕ) (8)
where dotted indices indicate elements living in the un-
broken SO(2K) subgroup, a˙i = {1, · · · , 2K}, and we
have again assumed N > 3 (K > 1). Using the multi-
plet decomposition, we have F a˙1a˙2µν = F
a˙1a˙2
aµν + gA
a˙1
fµA
a˙2
fν −
gAa˙1fνA
a˙2
fµ . Thus, the SO(2K)-invariant operator on the
right-hand side of Eq. (8), appearing at leading order
in the FMS expansion, decomposes in several single
SO(2K)-invariant operators which belong to the second
class. One of the operators can be described by K con-
stituents being massless gauge bosons of the unbroken
subgroup in the gauge-fixed language. These form a non-
trivial scalar SO(2K) glueball operator whose mass will
likely be nonvanishing and of the order ΛSO(2K) which
can be checked by lattice or functional methods. The
other operators form hybrids with an increasing number
of massive vector multiplets as constituents. At next-
to-leading order, we obtain the trivial scattering state of
the states generated by these operators with the radial
Higgs excitation h or, to be more precise, with the Z2-
even scalar bound state φTφ from the perspective of the
actual unbroken gauge group SO(2K + 1).
Additional scalar hybrid states containing massless and
massive vector fields can be described in an SO(2K+1)-
invariant way as well, e.g., consider
ǫa1···φa1(F µ2µ1 φ)
a2(F µ3µ2 φ)
a3(F µ4µ3 )
a4a5 · · ·(F µ1µK+1 )a2Ka2K+1
= vǫa˙1···a˙2K (F µ2fµ1 )
a˙1(F µ3fµ2 )
a˙2(F µ4µ3 )
a˙3a˙4 · · ·+O(ϕ) (9)
for spacetime dimensions larger than two, otherwise the
operator vanishes. All SO(2K)-invariant operators are
assigned to the second class also in this case. The only
operator we have found in the Z2-odd scalar channel that
belongs to the first class is given by a hybrid containing
2K massive constituents Af ,
ǫa1···a2K+1φa1(F µ2µ1 φ)
a2(F µ3µ2 φ)
a3 · · · (F µ1µ2Kφ)a2K+1
= vǫa˙1···a˙2K (F µ2fµ1 )
a˙1 · · · (F µ1fµ2K )a˙2K +O(ϕ). (10)
However both, the SO(2K + 1)-invariant and the result-
ing SO(2K)-invariant operator are only nonvanishing for
4K ≤ d(d− 1) where d is the spacetime dimension. Fur-
ther note, that this construction principle for Z2-odd op-
erators via the epsilon tensor does not work for evenN , as
the elementary building blocks that transform in a covari-
ant manner are the scalar field φa, its covariant derivative
(Dµφ)
a, or the field strength tensor F abµν . Thus, any op-
erator always contains an even number of scalar fields for
SO(2K).
In contrast to SU(N) gauge theories with a scalar field
in the fundamental representation, the elementary vector
spectrum does not contain a singlet with respect to the
unbroken subgroup. This fact can be translated to the
gauge-invariant spectrum as it is not possible to build
a vector operator that expands to a single gauge field.
As the generators of the Lie algebra are antisymmetric,
we have φTFµνφ = 0 and φ
TDµφ = φ
T∂µφ. The latter
expression reflects the fact that the gauge-invariant op-
erator φT∂µφ =
1
2∂µ(φ
Tφ) generates a state that mixes
with other states in the vector channel due to its quantum
numbers but does not necessarily give rise to an addi-
tional vector particle as it is build by a partial derivative
of the scalar degrees of freedom. Though, internal exci-
tations of the scalar meson states with J > 0 might be
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conceivable, we do not extend the analysis into this di-
rection. Thus, the simplest operator that transforms as
a vector will contain at least three covariant derivatives
φTDµDνDνφ. For simplicity, we antisymmetrize the first
two indices and obtain
φTFµνDνφ = v
2g φT0 F
µνAνφ0 +O(ϕ)
= −v2g FTµνf Afν +O(ϕ). (11)
The FMS expansion reveals that this vector operator pro-
vides a gauge-invariant description of the SO(N − 1)-
invariant vector hybrid operator build by two massive
elementary vector bosons that transform as fundamen-
tal vectors of the SO(N − 1) subgroup and a massless
adjoint gauge boson. In order to make this more trans-
parent, we notice that Fµνφ0 ≡ Fµνf = DµAνf − DνAµf
such that FTµνf Afν =
1
2∂
µ(ATfνA
ν
f )−ATfνDνAµf . The lat-
ter term describes the proposed vector hybrid operator in
an SO(N−1)-invariant fashion. The first term is simply a
derivative of the already discussed scalar meson operator.
Of course also this state might have nontrivial internal
excitations such that we obtain an additional resonance
in the vector channel. Similar conclusions can be drawn
from the general form φTDµDνDνφ.
For SO(2K + 1), we get additional Z2-odd states. To
explore this channel, we first investigate the following op-
erator and its FMS expansion which leads to an SO(2K)-
invariant operator of the first class,
ǫa1···a2K+1φa1(Dµφ)a2(F µ2µ1 φ)
a3 · · · (F µ1µ2K−1φ)a2K+1
= gv2Kǫa1···a2K+1φa10 (A
µ
f )
a2(F µ2fµ1 )
a3 · · · (F µ1fµ2K−1 )a2K+1
+O(ϕ). (12)
As for the scalar operator defined in Eq. (10), this op-
erator is nonvanishing only for sufficient small K, here
4K ≤ d(d − 1) + 2. An operator that can be defined for
all N = 2K + 1 reads
ǫa1···a2K+1φa1(Dµφ)a2(F µ2µ1 φ)
a3
× (F µ3µ2 )a4a5 · · · (F µ1µK )a2Ka2K+1
= gv3ǫa1···a2K+1φa10 (A
µφ0)
a2(F µ2µ1 φ0)
a3
× (F µ3µ2 )a4a5 · · · (F µ1µK )a2Ka2K+1 +O(ϕ). (13)
and generates various SO(2K)-invariant hybrid states
containing at least two massive vector bosons and multi-
ple massless gauge bosons or massive vector bosons. All
these states belong to the second class.
So far, we investigated various SO(N)-invariant oper-
ators that have a nontrivial expansion in terms of ϕ/v
to address possible states in the different channels of the
model. This provided a mapping to single SO(N − 1)-
invariant operators either directly via the FMS decompo-
sition or by using the multiplet decomposition addition-
ally. We concentrated on operators with least or almost
minimal field content in every channel as we assume that
those operators have the largest overlap with the ground
state as well as possible next-level excitations. As ex-
pected, none of the operators assigned to the first class
generated a state which is described by an operator only
containing fields living in the orthogonal subspace to the
direction of the VEV in the broken formulation of the
theory. The simplest representative of such an operator
would be the SO(N−1) scalar glueball trF 2a . If this oper-
ator or any other operator belonging to the second class
can indeed be described by an SO(N)-invariant operator,
e.g., trF 2, a strict duality can be established between the
bound state operators of the SO(N) gauge theory and the
SO(N−1) model for N > 3. Again, nonperturbative cal-
culations indicate that states of the second class are not
part of the G(=SO(N))-invariant spectrum but more in-
vestigations into this direction are needed to make a final
statement.
In either case, we obtain nontrivial implications. If
it turns out that operators of the second class can-
not be described in an SO(N)-invariant way, we have
a mismatch between the spectra of the SO(N) and
SO(N − 1) gauge theory, showing that the heuristic pic-
ture of spontaneous gauge symmetry breaking is not ad-
equate for BSM scenarios. In the other case, we may
obtain nontrivial phenomenological modifications. For
instance consider the SO(2K) scalar glueballs trF 2a and
ǫa˙1···a˙2K (F µ2aµ1 )
a˙1a˙2(F µ3aµ2 )
a˙3a˙4 · · · (F µ1aµK )a˙2K−1a˙2K . While
from the perspective of the broken theory one state might
decay into the other if the mass ratio is sufficiently large,
the situation is different and more constrained from the
perspective of the unbroken theory. There, the latter
glueball operator is described by an SO(2K+1)-invariant
operator with odd Z2 parity defined in expression (8)
such that the conservation of an additional quantum
number has to be fulfilled in a possible decay process.
The results of the present investigation are summa-
rized in Tab. I. The left part of the table lists G- as well
as H-invariant operators and has the intention to pro-
vide a transparent presentation of the duality between
the two different gauge theories in both directions. From
the top down perspective, it can be read off which states
are present in the spectrum of the G(= SO(N)) gauge
theory. From the bottom up perspective, it demonstrates
which states of an H(= SO(N − 1)) gauge theory can be
embedded into a model with larger gauge group. In the
right part, we list the properties of the elementary fields
obtained from the multiplet decomposition. These serve
as building blocks forH-invariant quantities. The column
DOF lists the number of nontrivial independent real de-
grees of freedom of the associated multiplet with respect
to the internal gauge group but not with respect to the
Lorentz group.4 Thus, a field (either scalar or vector)
4 Note that we use a G covariant embedding of the H multiplets
throughout this paper. For instance, the SU(N − 1) multiplet
Af = Aφ0 contains N − 1 nontrivial (Lorentz-vector) degrees of
freedom but is described by an N component SU(N) covariant
object.
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SO(N) invariant SO(N − 1) singlets SO(N − 1) multiplets
JP Z2
a Operator 1. Class [2. Class] Field DOF m2Field
0+ + φTφ h h 1 λv2
+ φTD2φ ATfµA
µ
f , h
+ φTF 2φ FTfµνF
µν
f
+ trF 2 [FTfµνF
µν
f ] [trF
2
a ], [A
T
f FaAf ]
− see Eq.(8) [see Eq.(8)]
− see Eq.(9) [see Eq.(9)]
− see Eq.(10) see Eq.(10)
1− + φTFµνDνφ A
T
fνD
νAµf A
µ
a
(N−1)(N−2)
2
0
− see Eq.(12) see Eq.(12) Aµf N − 1
g2v2
2
− see Eq.(13) [see Eq.(13)]
a
Z2 odd states exist only for N = 2K + 1, see main text.
Table I. Particle content of an SO(N > 3) gauge theory with scalar field in the fundamental representation. Left: Comparison
between operators/states that are strict invariant with respect to SO(N) transformations, i.e., observables, and operators/states
that one would predict from the conventional but gauge-variant viewpoint of spontaneous gauge symmetry breaking (SO(N−1)
singlets). Trivial scattering states are ignored. Right: Properties of the elementary building blocks obtained from the standard
multiplet decomposition after gauge fixing which are used to construct SO(N − 1) singlets.
in a complex representation with multiplicity N will be
listed as 2N .
In the left column, we sort the G-invariant bound state
operators with respect to their global quantum numbers.
In the next column, we list H-invariant operators and
distinguish as to whether they can be extracted from the
G-invariant operator in the same row according to the
definitions of the different classes defined in Sec. II. We
mainly focus on identifying operators of the first class.
For illustration, we list operators of the second class with
small field content (two constituents as well as some ex-
amples containing three and four constituents), unless for
Z2 odd or open U(1) channels where the G-invariant op-
erators as well as their expansion are involved and may
contain a larger field content. For all models considered
in this work, anyH-singlet which consists of finitely many
fields can be extracted via the multiplet decomposition.
However, this is not generically true, e.g., for theories
with scalar fields in three and higher index representa-
tions or theories with fermions where the fermions are in
lower rank tensor representations than the scalar field.
Due to the indeterminate role of operators of the sec-
ond class, we put them in square brackets to indicate that
they are likely not present in the G-invariant spectrum ac-
cording to present lattice simulations [6–8]. Furthermore,
we put an operator of the first class into square brackets
if we can extract it from the G-invariant operator in the
same row only via the standard gauge-dependent multi-
plet decomposition. Of course such an operator of the
first class has to appear at some other place in the table
without square brackets where it can be obtained via a
clean projection at a fixed order in the FMS prescription.
Otherwise it would not be an operator of the first class.
As an example, consider the row of the SO(N) glueball
operator trF 2. Using the conventional decomposition,
we obtain the scalar hybrids FTf Ff and A
T
f FaAf as well
as the glueball trF 2a . All of them would be operators
of the second class. However, another SO(N)-invariant
operator, φTF 2φ, expands unambiguously to the scalar
hybrid FTf Ff at leading order in the FMS procedure such
that the states generated by FTf Ff are states of the first
class. What kind of states are actually generated by an
operator like trF 2 is currently unknown in case the G-H
duality of states does not hold for the second class. Al-
though the conventional decomposition is not meaningful
in this case, it could be that it still has overlap with the
formally contained state of the first class. Equally likely
is that it might generate a state of the fourth class which
has no dual description in terms of the H gauge theory.
At this point, we also want to emphasize that the above
given operators for the various channels are merely sim-
ple examples to extract information of the ground and
excited states of the various models. Their construction
is based on the assumption that the operator with least
field content has some overlap with the ground and first
excited states. By no means this allows for a comprehen-
sive analysis of the mass spectrum which is beyond the
scope of this paper. As a first investigation, we will rather
try to identify and obtain a first glance on the properties
of the low-lying observable states of each channel.
Before we go on to more involved representations of
the SO(N) group, we will briefly discuss a few partic-
ularities of the groups SO(2) and SO(3). These two
groups are special for the following reasons. The group
SO(2) ∼= U(1) is Abelian. Thus, there is no need to
consider bound state operators as the transversal part of
the gauge field is already gauge invariant and a physical
scalar field is given by the elementary scalar field dressed
with a nonlocal photon cloud exp(−ig ∂µ∂2 Aµ) similar to
Dirac’s physical electron [56, 57]. Nonetheless, also the
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SO(3) invariant SO(2) singlets SO(2) multiplets
JP Z2 Operator 1.Class 3.Class Field DOF m
2
Field
0+ + φTφ h h 1 λv2
+ φTD2φ W+µW−µ , h
1− − ∂ν(ǫa1a2a3φa1F a2a3µν ) AU(1)⊥µ AU(1)µ 1 0
DW±µ W
±
µ 2
g2v2
2
Table II. Particle content of an SO(3) gauge theory with scalar field in the fundamental representation. Left: Comparison
between operators/states that are strict invariant with respect to SO(3) transformations, i.e., observables, and operators/states
that one would predict from the conventional but gauge-variant viewpoint of spontaneous gauge symmetry breaking (SO(2)
singlets). Note that states of the third class appear in this specific model and we have removed the column ’[2.Class]’ as it is
not relevant here. The symbol D indicates a suitable dressing with a Dirac phase factor to obtain observable SO(2)-invariant
vector bosons. Trivial scattering states are ignored. Right: Properties of the elementary building blocks obtained from the
standard multiplet decomposition after gauge fixing.
FMS mechanism may be used to describe the physical
particle spectrum. It predicts a single particle in the
scalar channel described by the properties of the elemen-
tary Higgs field as well as a single massive vector par-
ticle with mass proportional to gv, consistent with the
standard description. Also this result is supported by
nonperturbative lattice calculations [58, 59].
The group SO(3) is particular with respect to the
above analysis because it breaks to an Abelian sub-
group after gauge fixing. By contrast, the unbroken sub-
group is always non-Abelian for N > 3. Furthermore,
SO(3) ∼= SU(2)/Z2 and thus we expect to get the same
gauge-invariant spectrum as in case of the adjoint rep-
resentation of SU(2) which contains a massless vector
degree of freedom, cf. [54]. Indeed, we can construct a
gauge-invariant SO(3) vector operator which expands to
the massless gauge boson of the unbroken SO(2). This
is easiest displayed at the level of the field-strength ten-
sors where ǫa1a2a3φa1F a2a3µν expands in leading order to
FµνU(1), the field strength tensor of the unbroken Abelian
subgroup, and a U(1)-neutral Lorentz-tensor state given
by two massive vector fields.5 Here, we used the SO(3)
property that the fundamental representation can be
mapped to the adjoint representation, i.e., the adjoint
field φa1a2 = ǫa1a2a3φa3 is the dual field of the funda-
mental vector and vice versa. The corresponding mass-
less SO(3)-invariant vector particle can be described by
∂ν(ǫa1a2a3φa1F a2a3µν ) ∼ AU(1)⊥µ which maps on the U(1)-
invariant transversal part of AU(1).
6 Thus, SO(3) is the
5 Note that both operators can be assigned to the first class as the
field strength tensor decomposes naturally to these to terms via
the FMS projection and no further multiplet decomposition is
required in this particular case.
6 We also obtain a term ∂ν(W±µ W
∓
ν ) from the commutator of Fµν
that mixes with the vector states. However, the propagator of
this object does not show the characteristics of a common vector
particle but might describe some nontrivial internal excitation of
the corresponding tensor state. As for ∂µφ, we do not extend
the analysis into that direction.
only non-Abelian SO(N) group for which an operator can
be constructed that expands to a single gauge field. For
all other groups this is not possible as no gauge singlet
with respect to the unbroken subgroup exists.
At this point we would like to emphasize another par-
ticularity of the breaking pattern SO(3)→ SO(2). From
the conventional perspective of gauge symmetry break-
ing, all elementary fields become observable particles.
This is obvious for the radial Higgs excitation h and
the massless U(1) gauge field AµU(1). The only two re-
maining elementary fields A1µf and A
2µ
f are the mas-
sive vector fields which are charged under the remaining
Abelian subgroup. For convenience we combine them to
a complex massive vector boson W± = (A1f ∓ iA2f )/
√
2
in analogy to the standard model nomenclature. Due to
the Abelian nature of the charge, we can define physical
states via suitable dressings from the SO(2) perspective.
Nonetheless, there is no gauge-invariant description of
these charged particles in a strict SO(3)-invariant for-
mulation. As the FMS mechanism can only provide a
mapping to singlets of the unbroken subgroup H, we find
only mappings to charge-neutral bound state operators
(φTD2φ ∼ ATf Af =
(
(A1f )
2 + (A2f )
2
)
= 2W+W−) of the
latter two fields but not to a single U(1)-charged particle.
Thus, the two SO(3) gauge-variant states generated by
W± belong to the third class and have no SO(3)-invariant
counterpart in the embedding theory such that they can-
not be part of the SO(3) bound state spectrum. We
summarize the particle content of this model in Tab. II.
B. Antisymmetric second-rank tensor (adjoint)
representation
After we have analyzed the simplest nontrivial rep-
resentation for the SO(N) group, we now focus on the
second-rank tensor representations. It is convenient
to introduce matrix notation, (φ)ab = φab, such that
the transformation property of the scalar field reads
φ→ RφRT. For the covariant derivative we have Dµφ =
∂µφ+g[Aµ, φ]. In case the scalar field acquires a nonvan-
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ishing VEV, we split it into its VEV and a part containing
the fluctuations as usual
φ(x) = vφ0 + ϕ(x), (14)
where we use the normalization tr(φT0 φ0 ) =
1
2 and obtain
for the mass matrix of the gauge bosons
1
2
(M2A)ijAiµA
µ
j = g
2v2 tr
(
[Aµ, φ
T
0 ][A
µ, φ0]
)
. (15)
Of course, any second-rank SO(N) tensor can be decom-
posed into two nontrivial irreducible representations, an
antisymmetric tensor and a symmetric traceless tensor
(as well as a trace part which is a singlet). First, we
investigate the antisymmetric second-rank tensor repre-
sentation, i.e., φT = −φ, which coincides with the adjoint
for SO(N).
We consider the following fourth-order scalar potential
for the scalar self-interactions
V (φ) = −µ2φabφab + λ
2
(φabφab)2 +
λ˜
2
φabφbcφcdφda
= µ2trφ2 +
λ
2
(trφ2)2 +
λ˜
2
trφ4. (16)
Note that a possible cubic term trφ3 vanishes due to the
antisymmetry of φ. The field configuration which mini-
mizes the potential (16) can always be transformed to a
block diagonal standard form as φ is real and antisym-
metric. The breaking pattern is governed by the non-
isotropic coupling λ˜ [60].
1. λ˜ > 0
If λ˜ > 0, the direction of the VEV in gauge space is
φ0 =
1√
4K


ε
. . .
ε

 (17)
for N = 2K with block-diagonal elements ε =
(
0 1
−1 0
)
and all off-diagonal elements vanish, and
φ0 =
1√
4K


ε
. . .
ε
0

 (18)
for N = 2K + 1, implying the breaking patterns
SO(2K)→ U(K) and SO(2K+1)→ U(K), respectively
[60]. Due to the minimization of the potential, we further
obtain µ2 = 14K (2Kλ+ λ˜)v
2.
Indeed, the mass matrix of the gauge bosons (15) con-
tains K2 vanishing eigenvalues. We further have K(K −
1) degenerate eigenvaluesm2A2a =
g2v2
K for allN as well as
additional 2K gauge bosons with mass m2Af =
g2v2
4K form-
ing a U(K) fundamental vector for N = 2K+1. In order
to extract the massive vector fields, we can use the oper-
ator Aφ0−φ0A. For evenN , this simple form is sufficient
as we have only one massive multiplet given by a com-
plex antisymmetric second-rank tensor of the remaining
unbroken U(K) subgroup, A2a = Aφ0 − φ0A where the
subscript 2a indicates second-rank antisymmetric. For
odd N , we have to define more sophisticated projections
to distinguish the different subspaces corresponding to
the different multiplets with nonvanishing mass parame-
ter. We use A2a = 16K
2φ20[A, φ0]φ
2
0 = 16K
2[φ20Aφ
2
0, φ0]
and Af = [A, φ0] − 16K2φ20[A, φ0]φ20 to project on the
fields transforming as the antisymmetric second-rank ten-
sor and the fundamental vector of U(K), respectively.
Note, that [φ20Aφ
2
0, φ0] ∼ [A, φ0] for N = 2K. The
massless gauge bosons transforming under the adjoint
representation of the remaining unbroken U(K) gauge
group can be extracted by considering the anticommuta-
tor {φ0Aφ0, φ0}. This expression simplifies to {A, φ0} for
even N . The massless field proportional to the direction
of the VEV is the gauge boson associated to the U(1) gen-
erator while the remaining degrees of freedom form the
gauge bosons of SU(K), Aa = {φ0Aφ0, φ0}−2tr(φ0A)φ0.
Correspondingly, the elementary scalar spectrum con-
tains either K2 − K (N = 2K) or K2 − K + 2K
(N = 2K + 1) would-be Goldstone bosons stored in
[ϕ, φ0] which we remove by the unitary gauge condi-
tion. Further, we have the radial scalar excitation h(x) =
2 tr(φT0 ϕ) which is proportional to the direction of the
VEV and transforms as a singlet with respect to the un-
broken subgroup U(K) with massm2h =
(
λ+ λ˜2K
)
v2. The
remaining K2 − 1 components of ϕ are degenerate with
mass parameter m2ha =
λ˜
2K v
2 and transform according to
the adjoint representation of the non-Abelian part of the
unbroken subgroup SU(K). They can be extracted from
ha = {ϕ− hφ0, φ0} in the unitary gauge.
In the conventional picture of spontaneous gauge sym-
metry breaking, observable states of the model are de-
scribed with the aid of SU(K)-invariant operators. Thus,
we would expect a singlet Higgs h, a massless gauge bo-
son AU(1) = 2tr(φ0A) of the unbroken U(1), and me-
son operators build from two Higgs fields transform-
ing as adjoint fields tr(h2a) or two massive vector fields
tr(A22a) for all N . Further, we have the scalar SU(K)
glueball tr(F 2a ), hybrid states which read schematically
tr(Faha), tr(F2aA2a), tr(F
2
2a), and tr(A2aFaA2a), as
well as baryonic-like operators containing three mas-
sive matter fields, e.g., tr(A2ahaA2a), as well as oth-
ers. For odd N , we have additional mesons, hy-
brids, and baryons containing the massive vector field
Af , e.g., tr(A
2
f ), tr(AfFaAf), tr(FfAf), tr(AfhaAf), and
tr(AfA2aAf). Once more, these states are gauge-variant
quantities with respect to the original gauge symmetry
SO(N) and can meaningfully be defined only in a suitable
chosen gauge with nonvanishing VEV.
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In order to classify the strict gauge-invariant spectrum
of the SO(N) gauge theory without the notation of gauge
symmetry breaking, we first note that the action of the
model has a global Z2 symmetry. Again, it is straightfor-
ward to write down a scalar bound state operator that
expands to the Higgs singlet with respect to the SU(K)
subgroup in the FMS approach. This operator is Z2 even
and reads
tr(φTφ) =
v2
2
+ vh+ tr(ϕTϕ)
=
v2
2
+ vh+
1
2
h2 − trh2a. (19)
The FMS expansion on the right-hand side shows, that
the gauge-invariant operator tr(φTφ) can be described
by the elementary field h in leading order. At next-to-
leading order in the fluctuation fields an intricate situa-
tion appears which we have already sketched in Sec. II B.
Usually, we would expect a trivial scattering behavior
from the term trϕ2. However, using the decomposition
of ϕ into U(K) multiplets, i.e., h and ha, which we pro-
vided in the second line of Eq. (19), the propagator is de-
scribed by the trivial scattering state at twice the mass of
h as well as the propagator of the U(K) invariant meson
operator tr(h2a) at next-to-leading order.
Unfortunately, more sophisticated nonperturbative
methods are required to make a final statement under
which circumstances the mass of the U(K)-invariant me-
son operator tr(h2a) is indeed contained in the spectrum
of the scalar channel of the SO(N) gauge theory. Ac-
cording to the classification of operators of Sec. II, this
operator formally belongs to the second class. There is
no SO(N)-invariant operator build from φ that expands
solely to tr(h2a) on the right-hand side via the split (14)
which would provide a natural ordering principle. We
can only conclude that the nontrivial next-to-leading or-
der of trφ2 produces a formal superposition of h2 and
tr(h2a) which cannot be disentangled as there is no mean-
ingful definition of the latter from the perspective of the
original SO(N) gauge theory. Thus, we would only get a
scattering state.
Further, we can investigate various other SO(N)-
invariant operators that have the same quantum num-
bers but provide a mapping to different U(K)-invariant
states. A careful distinction between even and odd N
is required in order to classify the states as to whether
they follow unambiguously from the FMS expansion due
to the expansion in ϕ/v or can only be obtained by a
decomposition of the involved multiplets.
As a first example consider the operator
tr(φD2φ) = −g2v2tr([A, φ0]2) +O(ϕ). (20)
For N = 2K, we obtain in leading order an SO(N)-
invariant description of the U(K) meson operator
tr(A22a). At next-to-leading order, also the pole structure
generated by the radial Higgs excitation will be generated
at the level of the propagator of tr(φD2φ) as in the funda-
mental case. However, the state h can only be extracted
via the multiplet decomposition. Whether φTD2φ has
overlap with h, which can be extracted from another op-
erator without requiring the multiplet decomposition, is
an open issue. Further, we find several scattering states
at O(ϕ) and O(ϕ2) as well as operators of the second
class, e.g., containing an adjoint Higgs field and two mas-
sive multiplets, tr(A2ahaA¯2a) where A¯2a/f ≡ [φ0, A2a/f ].7
For odd N , the situation is more intricate as the field
operator [Aµ, φ0] contains two different massive multi-
plets. Thus, we rely on the standard multiplet decom-
position to identify the resulting two different meson op-
erators tr(A22a) and tr(A
2
f ) as they are interlinked in the
strict gauge-invariant formulation and cannot be disen-
tangled by using only the split (14). Nonetheless, it is
possible to find a strict gauge-invariant formulation of
the former. The operator tr
(
φ(Dµφ)φD
µφ
)
provides an
unambiguous mapping to the U(K)-invariant meson op-
erator tr(A22a) at leading order in the expansion such that
it belongs to the first class. Such a construction is not
possible for the meson operator tr(A2f ) as the components
of Af live in an orthogonal subspace to φ0 such that we
always have to rely on the standard multiplet decom-
position to find an SO(N)-invariant description. Ana-
lyzing the operator tr
(
φ(Dµφ)φD
µφ
)
at next-to-leading
order in the FMS expansion, we also find the U(K)-
invariant operator generating the baryonic-type state
tr(A2ahaA¯2a). We assign this operator to the second class
as we can only extract it from tr
(
φ(Dµφ)φD
µφ
)
or any
other SO(N)-invariant operator we have investigated if
we use the conventional multiplet decomposition. Other-
wise, we cannot disentangle it from the trivial scattering
state given by h and tr(A22a). This is not a surprise as
ha is orthogonal to φ0 such that every operator contain-
ing this field and two massive vector fields can only be
extracted via the multiplet decomposition.
In order to extend a variational analysis of the model,
it might be useful to consider another Z2 even opera-
tor, e.g., tr(φ2(Dµφ)D
µφ). It contains the meson trA22a
at leading order and the baryonic-type states tr(AfhaAf)
(only for odd N) and tr(A2ahaA2a) at next-to-leading or-
der. All can only be extracted via the multiplet decom-
position at the respective orders of the FMS expansion.
The scalar SU(K) glueball operator trF 2a can be ex-
tracted from SO(N)-invariant operators only via the mul-
tiplet decomposition. Thus, it belongs always to the sec-
ond class. As usual, we might consider the operator trF 2
which contains trF 22a and tr(A2aFaA2a) for all N as well
7 Note that we used the freedom to express the fields A2a/f which
transform according to a complex representation of U(K) in
terms of multiplets of real fields embedded in an SO(N) covari-
ant way for convenience. The presence of the bared field within
an operator as tr(A2ahaA¯2a) ensures that the real components
get combined in an appropriate way to form a meaningful U(K)-
invariant composite operator. Nonetheless, the bar notation here
should not be confused with the Hermitian conjugate of the cor-
responding operator when retranslating to complex U(K) multi-
plets as both operations are not equivalent.
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as trF 2f , tr(AfFaAf), tr(Af F¯2aAf), and tr(FfAfA¯2a) for
odd N as well. In order to enlarge the operator ba-
sis, it is worthwhile to consider further operators, e.g.,
tr
(
(Dµφ)F
µνDνφ
)
. At leading order, the FMS expan-
sion yields an U(K)-invariant operator that decomposes
into the hybrid tr(A2aFaA2a) as well as scattering states
such as AU(1) and trA
2
2a for even N . Note that for
K = 2 the hybrid operator tr(A2aFaA2a) vanishes as the
second-rank antisymmetric tensor representation trans-
forms trivial with respect to the non-Abelian subgroup.
For odd N , we additionally obtain the hybrid tr(AfFaAf)
as well as more exotic operators, e.g., tr(Af F¯2aAf) at
leading order via the multiplet decomposition.
Studying the vector channel, it is straightforward to
find a gauge-invariant description in terms of the origi-
nal gauge symmetry for the only vector singlet state in
the elementary spectrum after gauge fixing. This is the
massless gauge boson associated with the U(1) genera-
tor of SU(K) × U(1). Considering the Z2 odd operator
tr(Fµνφ) = vFµνU(1)+gv tr([A
µ
m˜, A
ν
m˜]φ0)+tr(F
µνϕ) where
m˜ ∈ {2a} for N = 2K and m˜ ∈ {2a, f} for N = 2K + 1
indicates the massive multiplet(s), we find that the lead-
ing order contribution is precisely the field strength ten-
sor whose generator is proportional to φ0 and thus the
associated gauge boson is massless for any orthogonal
group.8 As tr(Dµφ) = 0, the simplest vector operator
and its FMS expansion reads
∂νtr(F
νµφ) = v∂2Aµ⊥U(1) + v∂νtr(A
ν
m˜A¯
µ
m˜) +O(ϕ) (21)
where Aµ⊥U(1) is the transversal part of the gauge field
AµU(1). Thus, the FMS formalism predicts a massless
state in the Z2-odd vector channel. Such a result of
a massless vector bound state can also be obtained in
case the scalar field is in the adjoint representation of
an SU(N) gauge theory, see [54] or App. B, or the fun-
damental case for SO(3). Nonetheless, it is unexpected.
Investigating the long-range effective degrees of freedom
of a non-Abelian gauge theory, i.e., bound states, one
would naively expect that they are massive at least due
to radiative corrections unless a symmetry dictates that
a mass term vanishes. Due to the duality of states of the
SO(N) with the U(⌊N/2⌋) gauge theory, the mass term
of the SO(N) vector operator (21) vanishes as the mass
of the Abelian gauge boson is protected by the remaining
unbroken gauge structure.
8 As in the case of a fundamental scalar field for N = 3, the leading
order contribution is a linear combination of a standard Abelian
field strength tensor and the commutator of the massive vec-
tor multiplet(s) without relying on the multiplet decomposition.
Thus, FU(1) belongs to the first class. For N = 2K, we can as-
sign tr([Aµ2a, A
ν
2a]φ0) = tr(A¯
µ
2aA
ν
2a) to the first class as well. For
N = 2K + 1, we need the multiplet decomposition to identify
tr(A¯µm˜A
ν
m˜) = tr(A¯
µ
2aA
ν
2a)+tr(A¯
µ
f A
ν
f ) and both operators belong
to the second class. Nevertheless, they will mix only with the
vector channel due to the quantum numbers of ∂µ, thus describ-
ing at most internal excitations of the tensor states.
How this fact translates into a pure gauge-invariant
description is unexplored. It might be the case that the
SO(N)-invariant low energy effective theory of the bound
states9 obeys an emergent gauge symmetry and the oper-
ator (21) turns out to be the corresponding gauge boson.
This could be realized if the system has an intact Z2 sym-
metry and states with the same mass appear in both, Z2
even and odd, channels. The corresponding two inde-
pendent operators can be combined to form a complex
object which might couple to the massless vector opera-
tor in the correct way to form an Abelian gauge theory.
To check whether such a scenario is possible is clearly
beyond the scope of this work. At least, we will see in
the following that the FMS mechanism predicts compos-
ite states with identical constituents at leading order in
different Z2 channels. Furthermore, the nontrivial pre-
diction of the FMS mechanism that the vector channel
contains indeed a massless state for the SU(2) adjoint
case is supported by lattice simulations [47, 61].
Considering the operator (21) at next-to-leading or-
der in the FMS expansion, we may use the conventional
multiplet decomposition to extract the trivial scattering
state at mh+mAU(1) = mh and the mixing with possible
hybrid bound state formed by the massless non-Abelian
gauge bosons Aa and the Higgs fields ha, tr(Faha).
Further Z2 odd operators in the vector channel and
their FMS expansion read,
tr(FµνDνφ) = gv tr(F
µν [Aν , φ0]) +O(ϕ), (22)
tr(φFµνφDνφ) = gv
3 tr(FµνA2aν) +O(ϕ). (23)
The operators defined on the left-hand side of Eq. (22)
and Eq. (23) expand unambiguously to the vector hy-
brid tr(F¯µν2a A2aν) at leading order in the FMS formalism
for even N . Therefore, tr(F¯µν2a A2aν) belongs to the first
class. Assuming that the constituent model is valid for
this hybrid bound state, the mass will be approximately
2mA2a = 2gv/
√
K. For N odd, we have to use the stan-
dard multiplet decomposition to get tr(Fµν [Aν , φ0]) =
tr(F¯µν2a A2aν) + tr(F¯
µν
f Afν) in Eq. (22). The mass of the
latter can be approximated by 2mAf = gv/
√
K within
the simple constituent model. We also need the multi-
plet decomposition to obtain single U(K)-invariant oper-
ators in Eq. (23) for odd N , tr(FµνA2aν) = (F¯
µν
2a A2aν)+
2gtr(Aµf A
ν
f A2aν). As we do not find an SO(2K + 1)-
invariant operator from which we obtain tr(F¯µν2a A2aν) or
tr(F¯µνf Afν) via the FMS expansion, we assign both op-
erators to the second class. The situation is different for
tr(Aµf A
ν
f A2aν). An SO(2K + 1)-invariant operator with
three covariant derivatives can be found that contains
this baryonic state at leading order in the expansion.
The simplest operator containing three co-
variant derivatives acting on three scalar fields,
9 Not to be confused with the SO(N)-variant gauge theory
U(⌊N/2⌋) after gauge fixing.
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tr
(
(Dµφ)(Dνφ)Dνφ
)
, vanishes due to the antisymmetry
of the adjoint representation. However, considering
tr
(
φ2(Dµφ)(Dνφ)Dνφ
)
= g3v5 tr(φ20[A
µ, φ0][A
ν , φ0][Aν , φ0]) +O(ϕ)
= −g
3v5
4K
tr(Aµf A
ν
f A2aν) +O(ϕ), (24)
we find an SO(2K + 1)-invariant description of the
baryonic-type operator tr(Aµf A
ν
f A2aν) at leading order.
For N = 2K the leading order contribution vanishes.
In order to investigate the Z2 even vector channel, we
first consider the operator
tr(φFµνDνφ) = gv
2tr(φ0F
µν [Aν , φ0]) +O(ϕ). (25)
For even N , the leading order contribution is governed
by two massive vector fields of the SU(K) antisymmetric
second-rank tensor and a massless adjoint SU(K) gauge
boson forming the hybrid tr(Fµν2a A2aν). This hybrid be-
longs to the first class as it follows directly from the
split (14). Further, we get several higher order excita-
tions given by U(K) invariant composite operators which
contain three, four, and five elementary fields that may
form more involved hybrids as well as scattering states.
We would like to emphasize that the field content of
the hybrids tr(Fµν2a A2aν) and tr(F¯
µν
2a A2aν) is the same
but the internal dynamics how the U(K)-invariant oper-
ator is formed is different.10 Thus, we find indeed that
SO(N)-invariant operators with different global Z2 quan-
tum numbers expand in leading order to U(K)-invariant
states with the same field content. Furthermore, these
two states in the different channels have the same mass
as they are indeed the real and imaginary part of the
corresponding U(K)-invariant operator and similar for
operators with larger field content.
For N odd, the Z2-even operator (25) projects on com-
posite U(K)-invariant operators containing all massive
gauge multiplets which can only be disentangled if we
assume that the G-H duality can be applied to operators
of the second class. Using the standard decomposition,
we obtain the hybrid states tr(Fµν2a A2aν), tr(F
µν
f Afν),
and tr(Aµf A
ν
f A¯2aν) at leading order. Likewise we rely
on the multiplet decomposition if we want to extract sin-
gle U(K)-invariant operators from the Z2 even version of
the operator defined in Eq. (23),
tr(φFµνφ2Dνφ) = gv
4 tr(φ0F
µνφ20[Aν , φ0]) + · · · . (26)
The leading order term is governed by tr(Fµν2a A2aν) and
tr(Aµf A
ν
f A¯2aν) after using the multiplet decomposition.
10 Retranslating Am˜ to complex U(K) multiplets denoted by
am˜ with field strength fm˜, the operators tr(F
µν
m˜ Am˜ν) and
tr(Fµνm˜ A¯m˜ν) are expressed as tr(f
†µν
m˜ am˜ν + a
†
m˜νf
µν
m˜ ) and
tr(f†µνm˜ am˜ν − a
†
m˜νf
µν
m˜ ), i.e., the real and imaginary part of
tr(f†µνm˜ am˜ν), respectively.
However, considering the operator
tr
(
φ(Dµφ)(Dνφ)Dνφ
)
= g3v4 tr(Aµf A
ν
f A¯2aν) +· · ·, (27)
we find that at least the baryonic operator tr(Aµf A
ν
f A¯2aν)
belongs to the first class for N = 2K + 1.11 Note that
an operator with equivalent constituents and belonging
to the first class is also present in the Z2 odd vector
channel.
Finally, we have to consider the scalar Z2-odd chan-
nel. In general, it is not possible to construct a gauge-
invariant operator which contains only scalar fields due to
the antisymmetric property of φ, implying tr(φ2n+1) = 0.
Further, it can be shown that every operator build from
the ǫ tensor and φ either vanishes or is Z2 even with one
particular exception. For N = 4K + 2, we may con-
sider the Z2-odd operator ǫ
a1···aNφa1a2φa3a4 · · ·φaN−1aN .
Its leading order term in the FMS expansion is ∼v2Kh,
showing that the propagator of this bound state can be
approximated by the propagator of the radial Higgs ex-
citation with mass mh. A Z2-odd operator which exists
for all N is
tr
(
(DµF
µν)Dνφ
)
= gv tr
(
(DµF
µν)[Aµ, φ0]
)
+ · · ·. (28)
The dynamics of this bound state operator is governed
by a composite U(K)-invariant hybrid operator of two
massive vector fields as well as massless gauge bosons.
For even N , we have only one massive vector multi-
plet such that we obtain the U(K)-invariant operator
tr(A2aνDµF¯
µν
2a ). Nevertheless, this is an operator of the
second class as several scattering states are encoded in
the leading order term as well. For odd N , we addi-
tionally obtain tr(AfνDµF¯
µν
f ) which also belongs to the
second class. Furthermore, we investigated the operator
2tr
(
φFµν(Dµφ)Dνφ
)
= g2v3tr
(
[φ0, F
µν ][Aµ, φ0][Aν , φ0]
)
+O(ϕ) (29)
for N = 2K + 1. From the leading order term
of the FMS expansion, we obtain the hybrid states
tr(Fµν2a AfµAfν) and tr(F
µν
f AfµA2aν) which are assigned
to the second class as well as various potential
scattering states, tr(Aµ2aA
ν
2aAfµAfν), tr(A
µ
2aA
ν
2aAfνAfµ),
tr(Aµ2aA2aµA
ν
f Afν), tr(A
µ
f A
ν
f AfµAfν), and tr(A
µ
f Afµ)
2.
The particle content for even and odd N is summarized
in Tab. III.
11 For even N the leading order contribution vanishes.
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SO(2K) invariant U(K) singlets U(K) multiplets
JP Z2 Operator 1. Class [2. Class] Field DOF m
2
Field
0+ + trφ2 h [trh2a] h 1 (λ+
λ˜
2K
)v2
+ tr(φD2φ) trA22a, [h] [tr(A2ahaA¯2a)] ha K
2 − 1 λ˜
2K
v2
+ tr
(
φ(Dµφ)φD
µφ
)
trA22a [tr(A2ahaA¯2a)]
+ trF 2 [trF 2a ], [trF
2
2a], [tr(A2aFaA2a)]
+ tr
(
(Dµφ)F
µνDνφ
)
[tr(A2aFaA2a)]
− tr
(
(DµF
µν)Dνφ
)
[tr(A2aνDµF¯
µν
2a )]
1− + tr(φFµνDνφ) tr(F
µν
2a A2aν) [tr(F
µν
a Dνha)] A
µ
a K
2 − 1 0
− ∂νtr(F
µνφ) Aµ
⊥U(1)
Aµ
U(1)
1 0
− tr(FµνDνφ) tr(F¯
µν
2a A2aν) [tr(F
µν
a Dνha)] A
µ
2a K(K − 1)
g2v2
K
SO(2K + 1) invariant U(K) singlets U(K) multiplets
JP Z2 Operator 1. Class [2. Class] Field DOF m
2
Field
0+ + trφ2 h [trh2a] h 1
(
λ+ λ˜
2K
)
v2
+ tr(φD2φ) [trA22a], [h] [trA
2
f ], [tr(A2ahaA¯2a)], [tr(AfhaA¯f)] ha K
2 − 1 λ˜
2K
v2
+ tr
(
φ(Dµφ)φD
µφ
)
trA22a [tr(A2ahaA¯2a)]
+ tr(φ2(Dµφ)D
µφ) [trA22a] [trA
2
f ], [tr(A2ahaA¯2a)], [tr(AfhaA¯f)]
+ trF 2 [trF 2a ], [trF
2
2a], [trF
2
f ], [tr(A2aFaA2a)],
[tr(AfFaAf)], [tr(FfAfA¯2a)], [tr(AfAfF¯2a)]
+ tr
(
(Dµφ)F
µνDνφ
)
[tr(AfFaAf)], [tr(A2aFaA2a)], [tr(AfAfF¯2a)]
− tr
(
(DµF
µν)Dνφ
)
[tr(A2aνDµF¯
µν
2a )], [tr(AfνDµF¯
µν
f )]
− tr
(
φFµν(Dµφ)Dνφ
)
[tr(AfAfF2a)], [tr(FfAfA2a)]
1− + tr(φFµνDνφ) [tr(A
µ
f A
ν
f A¯2aν)] [tr(F
µν
2a A2aν)], [tr(F
µν
f Afν)], [tr(F
µν
a Dνha)] A
µ
a K
2 − 1 0
+ tr(φFµνφ2Dνφ) [tr(A
µ
f A
ν
f A¯2aν)] [tr(F
µν
2a A2aν)] A
µ
U(1)
1 0
+ tr
(
φ(Dµφ)(Dνφ)Dνφ
)
tr(Aµf A
ν
f A¯2aν) [tr(A
µ
2a(Dνha)A¯
ν
2a)] A
µ
2a K(K − 1)
g2v2
K
− ∂νtr(F
µνφ) Aµ
⊥U(1)
Aµf 2K
g2v2
4K
− tr(FµνDνφ) [tr(F¯
µν
2a A2aν)], [tr(F¯
µν
f Afν)], [tr(F
µν
a Dνha)]
− tr(φFµνφDνφ) [tr(A
µ
f A
ν
f A2aν)] [tr(F¯
µν
2a A2aν)]
− tr
(
φ2(Dµφ)(Dνφ)Dνφ
)
tr(Aµf A
ν
f A2aν) [tr(A
µ
2a(Dνha)A
ν
2a)]
Table III. Particle content of an SO(N > 3) gauge theory with scalar field in the second-rank antisymmetric tensor (adjoint)
representation and λ˜ > 0. The upper table contains the spectrum for even N while the lower table summarizes the spectrum
for odd N . Left: Comparison between operators/states that are strict invariant with respect to SO(N) transformations, i.e.,
observables, and operators/states that one would predict from the conventional but gauge-variant viewpoint of spontaneous
gauge symmetry breaking (SU(K) singlets). Trivial scattering states are ignored. In case the contraction is obvious, we suppress
Lorentz indices in the scalar channel for the U(K) singlets for better readability. Right: Properties of the elementary building
blocks obtained from the standard multiplet decomposition after gauge fixing which are used to construct U(K) singlets.
2. λ˜ < 0
If the nonisotropic coupling λ˜ is negative, the field con-
figuration
φ0 =
1
2


ε
0
. . .
0

 (30)
minimizes the potential (16) where µ2 = 14 (2λ+ λ˜)v
2 and
the breaking pattern reads SO(N)→ U(1)× SO(N − 2)
[60]. Note that the coupling λ˜ is restricted by the condi-
tion |λ˜| < 2λ in order to fulfill stability criteria for the po-
tential (throughout this paper, we always assume λ > 0).
The elementary spectrum consists of (N − 2)(N − 3)/2
massless gauge bosons Aµa as well as a further massless
vector degree of freedom AµU(1) associated to the unbro-
ken subgroups SO(N − 2) and U(1), respectively. Fur-
ther, we have 2(N − 2) degenerated gauge bosons with
mass m2Af =
1
4g
2v2 being two fundamental vectors of
SO(N − 2) and charged under the U(1) which we denote
by Aµf+ and A
µ
f−. In the scalar sector we have 2(N − 2)
would-be Goldstones, the radial Higgs excitation h being
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SO(N) invariant U(1)× SO(N − 2) singlets U(1)× SO(N − 2) multiplets
JP Z2 Operator 1. Class [2. Class] 3. Class Field DOF m
2
Field
0+ + trφ2 h [trh2a] h 1
(
λ+ 1
2
λ˜
)
v2
+ tr(φD2φ) tr(Af+Af−), [h] [tr(Af+haAf−)] ha
(N−2)(N−3)
2
1
4
|λ˜|v2
+ trF 2 [trF 2a ], [tr(Ff+Ff−)],
[tr(Af+FaAf−)]
+ tr(φ2F 2) [tr(Ff+Ff−)]
+ tr
(
(Dµφ)F
µνDνφ
)
[tr(Af+FaAf−)]
− tr
(
(DµF
µν)Dνφ
)
tr
(
(DµF
µν
f± )Af∓ν
)
[tr
(
(DµF
µν
a )Dνha
)
]
tr(DAf±)
2
tr(DFf±)
2
tr(Af±FaAf±)
1− + tr(φFµνDνφ) tr(Ff±Af∓) A
µ
a
(N−2)(N−3)
2
0
− ∂νtr(F
µνφ) Aµ
⊥U(1)
Aµ
U(1)
1 0
− tr(FµνDνφ) tr(Ff±Af∓) [tr(F
µν
a Dνha)] A
µ
f+ N − 2
1
4
g2v2
tr(DFµνf±DAf±ν) A
µ
f− N − 2
1
4
g2v2
Table IV. Particle content of an SO(N > 3) gauge theory with scalar field in the second-rank antisymmetric tensor (adjoint)
representation and λ˜ < 0. Left: Comparison between operators/states that are strict invariant with respect to SO(N) trans-
formations, i.e., observables, and operators/states that one would predict from the conventional but gauge-variant viewpoint
of spontaneous gauge symmetry breaking (SO(N − 2) singlets). Trivial scattering states are ignored. In case the contraction is
obvious, we suppress Lorentz indices for better readability. The symbol D indicates a suitable dressing with a Dirac phase factor
to obtain observable U(1)-invariant states. Right: Properties of the elementary building blocks obtained from the standard
multiplet decomposition after gauge fixing which are used to construct SO(N − 2) singlets.
a singlet with respect to U(1) × SO(N − 2) with mass
m2h = (λ + λ˜/2)v
2 as well as an antisymmetric 2nd-rank
(≡ adjoint) SO(N − 2) tensor field h2a ≡ ha with mass
parameter m2ha =
1
4 |λ˜|v2. The U(1) × SO(N − 2) multi-
plets can be obtained in a covariant manner from φ and
A similar to the previous case.
Again, we start the analysis of the strict gauge-
invariant spectrum in the scalar channel. The FMS ex-
pansion of the Z2-even scalar operator given in the first
line of Eq. (19) defines an SO(N)-invariant description
of the radial Higgs excitation h in leading order as usual.
Thus, it generates a state atmh. Allowing for the decom-
position of the potential scattering contribution ϕabϕab
at next-to-leading order into U(1)×SO(N−2)-multiplets,
tr(φTφ) =
v2
2
+ vh+
1
2
h2 − tr(h2a), (31)
we indeed obtain a trivial scattering state at 2mh as well
as a state of the second class described by the dynam-
ics of the SO(N − 2) meson operator tr(h2a) with mass
2mha =
√
|λ˜|v.
Considering the operator tr(φD2φ), we find a direct
mapping on the scalar meson operator with two massive
vector fields as constituents tr(Af+Af−), implying that a
further possible bound state at approximately 2mAf = gv
exists in the Z2-even scalar channel. This meson oper-
ator is invariant under both unbroken subgroups, U(1)
and SO(N − 2). We would expect further bound states
being singlets with respect to the non-Abelian subgroup
SO(N − 2) but with open U(1) quantum numbers, i.e.,
tr(Af+Af+) and tr(Af−Af−), from the conventional per-
spective of spontaneous gauge symmetry breaking. These
can be dressed via suitable Dirac phase factors for the
Abelian part. However, there is no SO(N)-invariant ana-
log of these states as an SO(N)-invariant operator can
only be expanded in singlets of the full unbroken sub-
group, see Sec. II B. Thus, the operators tr(Af+Af+) and
tr(Af−Af−) belong to the third class. At next-to-leading
order, tr(φD2φ) contains scattering states as well as the
baryonic operator tr(Af+haAf−). The latter belongs to
the second class.
Furthermore, the scalar glueball trF 2a and the hybrids
tr(Ff+Ff−) and tr(Af+FaAf−) belong to the second class
as can be deduced from the operators trF 2, tr(φ2F 2),
and tr
(
(Dµφ)F
µνDνφ
)
. In analogy to the discussion of
the meson states, the hybrids with open U(1) quantum
number, trF 2f+, trF
2
f−, tr(Af+FaAf+), and tr(Af−FaAf−),
can be assigned to the third class.
The FMS expansion of the simplest operator in the
scalar Z2-odd channel reads,
tr
(
(DµF
µν)Dνφ
)
= tr
(
(DµF
µν
f+ )Af−ν + (DµF
µν
f− )Af+ν
)
+O(ϕ), (32)
describing a nontrivial U(1)×SO(N−2)-invariant hybrid.
By contrast, the operator defined on the left-hand side
of Eq. (29) contains only trivial scattering states.
The analysis of the vector channel follows the same
strategy as in the previous case. Basic Z2 even and odd
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operators are provided in Tab. IV which also summarizes
the scalar sector and lists further states of the third class.
We highlight that we obtain again states with identical
field content and mass in the Z2 even and odd vector
channel giving rise to a potential emergent U(1) gauge
structure at the bound state level.
As in the case of a fundamental scalar field, we find a
mismatch between the conventional investigation of the
spectrum and the strict gauge-invariant formulation for
an SO(N) gauge theory with scalar field in the adjoint
representation. Although some states are identical in
both descriptions and the FMS mechanism provides a
field theoretical tool to establish this relation, i.e., states
of the first class, the situation is unclear for many com-
posite objects as they belong to the second class. Even
more critical is the situation for states of the third class
for which no SO(N)-invariant formulation can be found.
That such states arise can be traced back to the explicit
presence of the Abelian U(1) subgroup in the gauge-fixed
formulation.
C. Symmetric second-rank tensor representation
The analysis of the irreducible symmetric second-rank
tensor representation (φT = φ, trφ = 0) is structurally
similar to the adjoint representation of the SU(N) group.
The most general fourth order potential of the scalar sec-
tor reads
V (φ) = −µ2trφ2 + γ
3
trφ3 +
λ
2
(trφ2)2 +
λ˜
2
trφ4. (33)
If the cubic coupling γ vanishes, the action is invariant
under a Z2 symmetry. In case the field φ acquires a
nonvanishing VEV, different breaking patterns can be
realized. In fact it can be shown that the field configura-
tion that minimizes the potential has at most two differ-
ent eigenvalues, implying SO(N)→ S(O(P )×O(N −P ))
where P < N [60]. Thus,
φ0 =
1√
2NP (N − P )
(
(N − P )1P
−P1N−P
)
(34)
is a convenient parametrization of the VEV where 1x is
the x × x identity matrix and µ2 = 12λv2 + 2λ˜v2trφ40 +
γvtrφ30. The actual global minimum is determined by
the two non-isotropic couplings γ and λ˜. If λ˜ < 0, there
is only one breaking pattern with little group O(N − 1).
If λ˜ ≥ 0, γ and λ˜ pull in opposite directions, such that
|2P −N | becomes as large/small as possible. For exam-
ple, we have P = ⌊N/2⌋ for γ = 0, where ⌊x⌋ is the floor
function, and P = N − 1 for λ˜ = 0 [62]. Without loss
of generality, we will restrict the following discussion to
the case P ≤ N/2. The case P > N/2 is included by a
simple relabeling of the occurring fields.
The mass matrix for the gauge bosons is defined in
Eq. (15) and we obtain P (N − P ) degenerate mas-
sive gauge bosons Aµf⊗f = [A
µ, φ0] with mass parame-
ter m2Af⊗f =
N
2P (N−P )g
2v2, transforming as (P,N − P )-
multiplet. The subscript rP⊗rN−P indicates that the ob-
ject transforms according to representation rP and rN−P
of SO(P ) and SO(N − P ), respectively. In addition,
we have the massless gauge fields Aµa⊗s and A
µ
s⊗a. Of
course, Aµa⊗s vanishes if P = 1, i.e., the stability group is
O(N − 1). Then, the massive vector fields simply trans-
form under the fundamental representation of O(N − 1),
Aµf⊗f ≡ Af , with mass parameter m2Af = N2(N−1)g2v2 and
we have only one kind of massless gauge bosons Aa.
The elementary scalar spectrum contains a singlet
h, a symmetric tensor h2s⊗s transforming according to(
P (P + 1)/2 − 1, 1), and a tensor hs⊗2s transforming
as a singlet with respect to the remaining SO(P ) group
and a symmetric second-rank tensor of SO(N − P ), i.e.,(
1, (N−P )(N−P +1)/2−1). Unless P = 1 where h2s⊗s
vanishes. The subscript 2s indicates symmetric second-
rank tensor. The mass parameters of these fields read
m2h =λv
2 +
P 3 + (N − P )3
N2P (N − P ) λ˜v
2 +
N − 2P√
8NP (N − P )γv,
m2h2s⊗s =
√
N
8P (N − P )γv +
2(N − P )− P
2P (N − P ) λ˜v
2,
m2hs⊗2s = −
√
N
8P (N − P )γv +
2P − (N − P )
2P (N − P ) λ˜v
2. (35)
For the bound state spectrum of the 0+ channel, we
investigate the following operators and their FMS expan-
sion
trφ2 =
v2
2
+ vh+ trϕ2
=
v2
2
+ vh+ trh22s⊗s + trh
2
s⊗2s, (36)
trφ3 =
(
v3 + 3v2h
)
trφ30 + 3v tr(φ0ϕ
2) + trϕ3
=
N − 2P√
8NP (N − P ) (v
3 + 3v2h+ 3vh2)
+
N − P√
2NP (N − P ) trh
2
2s⊗s
− P√
2NP (N − P ) trh
2
s⊗2s +O(ϕ3) (37)
which are Z2-even and odd, respectively. While the non-
trivial leading order contribution projects on the radial
Higgs excitation h by performing the split (14), we have
also provided the standard decomposition of the next-to-
leading order terms in the second line of Eq. (36) and
Eq. (37), giving the usual scattering term at 2mh as well
as possible bound state contributions if the G-H duality
extends to operators of the second class.
In case the global Z2 symmetry would be intact, the
0+ channel would be divided into states with even and
odd Z2 symmetry and the FMS expansion of the opera-
tors (36) and (37) reveals that both channels would have
the same mass spectrum in a first order approximation.
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For γ 6= 0, however, the global symmetry is explicitly
broken and the distinction is superfluous. Then, both
operators have overlap with the same states of the scalar
channel. But even if γ = 0, we expect that the global
Z2 symmetry is broken. In contrast to the fundamen-
tal and adjoint case, we find this time an Z2-odd scalar
operator which acquires a nonvanishing VEV, namely
trφ3.12 Thus we conclude that the global symmetry is
broken spontaneously by the internal dynamics of the
microscopic degrees of freedom.
Of course, we concentrated only on those states which
purely consists of elementary scalar degrees of freedom so
far. Another contribution to the scalar channel is given
by the operator (20) which expands in leading order to
the scalar meson operator tr(Af⊗fAf⊗f) in an unambigu-
ous way such that it belongs to the first class. That such
a state is also part of the Z2-odd channel can be deduced
from the operator tr(φ2D2φ).
Further scalar states from the S(O(P )×O(N − P ))-
invariant effective theory may be formulated in a strict
SO(N)-invariant way if the G-H duality works at the
decomposition level. For instance, the glueball states
tr(F 2a⊗s) and tr(F
2
s⊗a) as well as the hybrids tr(F
2
f⊗f),
tr(ATf⊗fFa⊗sAf⊗f), and tr(Af⊗fFs⊗aA
T
f⊗f) are encoded in
tr(F 2), tr(F 2φ), or tr(F 2φ2). Note that the hybrid
tr(F 2f⊗f) is not contained in the Z2-odd operator tr(φF
2)
if P = N − P . The next-to-leading order contribu-
tion of the FMS expansion of the operators tr(F 2φ) and
tr(F 2φ2) contain also hybrid operators involving mass-
less gauge fields and the corresponding second-rank ten-
sor Higgs field transforming either nontrivial with respect
to the SO(P ) subgroup and being singlets of SO(N −
P ) or vice versa, i.e., tr(F 2a⊗sha⊗s) and tr(F
2
s⊗ahs⊗a).
Furthermore, we obtain the hybrids tr(F 2f⊗fh2s⊗s) and
tr(F 2f⊗fhs⊗2s).
As no elementary vector particle exists which trans-
forms as a singlet, we do not expect that it is possible
to find a gauge-invariant bound state operator that ex-
pands to an elementary vector field. Indeed, we have
trFµνφn = 0 and trφnDµφ = trφ
n∂µφ due to the symme-
try properties of Aµ and φ. Also, tr(F
µνDνφ) = 0. Thus,
the simplest operator to investigate the bound state spec-
trum in the vector channel has to contain at least three
elementary gauge fields. Analyzing the Z2-even operator
tr(φFµνDνφ) = gv
2tr(φ0F
µν [Aν , φ0]) +O(ϕ), (38)
we predict that a possible state of the vector channel
is generated by the S(O(P )×O(N −P ))-invariant vector
hybrid operator tr(Fµνf⊗fAf⊗fν) which belongs to the first
class. Similar results can be obtained by investigating
12 In principle, this is also possible for the adjoint case for N =
4K + 2. In this particular case, we can define the nonvanish-
ing operator ǫa1···aNφa1a2 · · ·φaN−1aN which can be used as an
order parameter for the global Z2 symmetry.
the following Z2-odd vector operator
tr(φ2FµνDνφ) = gv
3tr(φ20F
µνAf⊗fν) +O(ϕ). (39)
At leading order in the FMS expansion, this operator has
overlap with the vector hybrid state tr(Fµνf⊗fAf⊗fν) with
mass 2mAf⊗f in the simple constituent model as well. At
higher order in the FMS expansion, we obtain the hybrids
tr(Fµνf⊗fAf⊗fνh2s⊗s) and tr(F
µν
f⊗fAf⊗fνhs⊗2s) belonging to
the second class. As usual, we provide a summary table
comparing the different spectra, see Tab. V.
IV. SU(N) GAUGE THEORY
After the analysis of the low dimensional representa-
tions up to second-rank tensors for SO(N) gauge theories,
we investigate the same representations for SU(N) the-
ories now. The fundamental and adjoint representation
were already discussed in the literature [54]. We give
a brief summary of the fundamental representation in
App. A to put the results of this model into the broader
context of this paper and perform a classification of states
for the first time. In App. B, we generalize the results of
Ref. [54] for the adjoint representation to the case of a
scalar potential with cubic term for arbitrary SU(N) the-
ories. In the main text, we focus on second-rank tensor
representations.
A. Second-rank tensor representations -
Preliminaries
Before we start to analyze the different irreducible
second-rank tensor representations in detail, we list some
of their general properties and common features in or-
der to prepare the ground. For the second-rank tensor
representations, the scalar field transforms according to
φab → Uac¯U bd¯φcd where U ∈ SU(N). The potential
reads
V (φ) = µ2φ∗ a¯b¯φab +
λ
2
(
φ∗ a¯b¯φab
)2
+
λ˜
2
φ∗ a¯b¯φbcφ∗ c¯d¯φda
= µ2tr(φ†φ) +
λ
2
(
tr(φ†φ)
)2
+
λ˜
2
tr(φ†φ)2 (40)
where we have introduced a convenient matrix notation
(φ)ab = φab with φ→ UφUT in the second line in analogy
to the SO(N) case. Expanding the potential in terms
of the fluctuation field ϕ, the mass terms for the Higgs
fields can be read off from the quadratic terms. From the
kinetic term of the scalar field with covariant derivative
(Dµφ)
ab = ∂µφ
ab + igAac¯µ φ
cb + igAbc¯µ φ
ac, we extract the
mass matrix M2A for the gauge fields. In case the field
φ is either completely symmetric or antisymmetric, i.e.,
transforms according to an irreducible 2nd-rank tensor
representation, we obtain
1
2
M2AijAiµA
µ
j = g
2v2tr
(
φ†0A
µ(Aµφ0 + φ0A
T
µ )
)
(41)
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SO(N) invariant S(O(P )×O(N − P )) singlets S(O(P )×O(N − P )) multiplets
JP Z2 Operator 1. Class [2. Class] Field DOF m
2
Field
0+ + trφ2 h [trh2s⊗2s],[trh
2
2s⊗s] h 1 see Eq. (35)
+ tr(φD2φ) trA2f⊗f , [h] [tr(A
2
f⊗fhs⊗2s)],[tr(A
2
f⊗fh2s⊗s)] h2s⊗s
P (P+1)
2
− 1 see Eq. (35)
+ trF 2 [tr(F 2a⊗s)], [tr(F
2
s⊗a)], [tr(F
2
f⊗f)], hs⊗2s
(N−P )(N−P+1)
2
− 1 see Eq. (35)
[tr(Af⊗fFa⊗sAf⊗f)], [tr(Af⊗fFs⊗aAf⊗f)]
+ tr(φ2F 2) [tr(F 2a⊗s)],[tr(F
2
s⊗a)], [tr(F
2
f⊗f)],
[tr(ATf⊗fFa⊗sAf⊗f)], [tr(Af⊗fFs⊗aA
T
f⊗f)],
[tr(F 2a⊗sh2s⊗s)], [tr(F
2
s⊗ahs⊗2s)],
[tr(F 2f⊗fh2s⊗s)], [tr(F
2
f⊗fhs⊗2s)]
− trφ3 h [trh2s⊗2s], [trh
2
2s⊗s], [trh
3
s⊗2s], [trh
3
2s⊗s]
− tr(φ2D2φ) trA2f⊗f
a, [h] [tr(A2f⊗fhs⊗2s)],[tr(A
2
f⊗fh2s⊗s)]
− tr(φF 2) [tr(F 2a⊗s)], [tr(F
2
s⊗a)], [tr(F
2
f⊗f)]
a,
[tr(Af⊗fFa⊗sAf⊗f)], [tr(Af⊗fFs⊗aAf⊗f)],
[tr(F 2a⊗sh2s⊗s)], [tr(F
2
s⊗ahs⊗2s)],
[tr(F 2f⊗fh2s⊗s)], [tr(F
2
f⊗fhs⊗2s)]
1− + tr(φFµνDνφ) tr(Ff⊗fAf⊗f) [tr(Ff⊗fAf⊗fh2s⊗s)], [tr(Ff⊗fAf⊗fhs⊗2s)] A
µ
a⊗s
P (P−1)
2
0
− tr(φ2FµνDνφ) tr(Ff⊗fAf⊗f) [tr(Ff⊗fAf⊗fh2s⊗s)], [tr(Ff⊗fAf⊗fhs⊗2s)] A
µ
s⊗a
(N−P )(N−P−1)
2
0
Aµf⊗f P (N − P )
N
2P (N−P )
g2v2
a This state is not present for P = N − P
Table V. Particle content of a non-Abelian SO(N) gauge theory with scalar field in the irreducible symmetric second-rank tensor
representation. Left: Comparison between operators/states that are strict invariant with respect to SO(N) transformations,
i.e., observables, and operators/states that are considered from the conventional but gauge-variant viewpoint of spontaneous
gauge symmetry breaking (S(O(P )×O(N − P )) singlets). Trivial scattering states are ignored. We suppress Lorentz indices
for better readability for the S(O(P )×O(N − P )) singlets. Right: Properties of the elementary building blocks obtained from
the standard multiplet decomposition after gauge fixing which are used to construct S(O(P )×O(N − P )) singlets. Note that
the Z2 distinction is superfluous as the global symmetry is broken.
with gauge fields Aµ = Aµi Ti and Ti the generators of the
SU(N) Lie algebra.
The gauge-invariant bound state operators in the
scalar and vector channel can be further divided ac-
cording to possible flavor symmetries. The model is in-
variant under global U(1) transformations if the scalar
field transforms as a complex second-rank tensor and
N > 2. Thus, we further classify the states in U(1)
singlets, i.e., particles which have no observable U(1)
charge, and states with an open U(1) quantum number
which describe U(1) charged particles. In case N = 2,
it is straightforward to adapt the following analysis of
the bound state spectrum for the symmetric second-rank
tensor. It is important to keep in mind that the dual field
φ˜ab = ǫacǫbdφ∗c¯d¯ also transforms as a symmetric tensor
for N = 2, reflecting the fact that the fundamental rep-
resentation is pseudo real. Therefore, the operator basis
is enlarged to construct gauge-invariant operators in this
particular case. By contrast, the SU(2) antisymmetric
second-rank tensor transforms as a singlet such that the
scalar and pure Yang-Mills sector decouple. In the fol-
lowing, we focus only on the N > 2 case.
The simplest gauge-invariant bound state operator in
the scalar channel which is a U(1) singlet is given by two
elementary Higgs fields and its FMS expansion reads,
φ∗a¯b¯φab =
v2
2
+
√
2vRe(φ∗a¯b¯0 ϕ
ab) + ϕ∗a¯b¯ϕab. (42)
Thus, this operator always expands in leading order to
the single elementary Higgs field being proportional to
the direction of the VEV, irrespective of the details of
the action or which representation is considered. Further
U(1)-singlet operators in the scalar channel are
tr(φ†D2φ) = −g2v2tr(φ†0Aµ(Aµφ0 + φ0ATµ ))+O(ϕ)
(43)
or tr
(
(Dµφ)†Dµφ
)
expanding to meson operators con-
taining massive vector multiplets, as well as trF 2 which
can be decomposed into the correspondingH glueball and
hybrids containing massive vector multiplets and mass-
less gauge bosons.
A charged scalar bound state can be constructed via
the epsilon tensor and thus will contain at least N ele-
mentary scalar fields
1
N !
ǫa¯1···a¯N ǫb¯1···b¯Nφa1b1 · · ·φaNbN = det
(
v√
2
φ0 + ϕ
)
.
(44)
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The charge conjugated operator is given by det(φ†) and
describes the corresponding antiparticle. As to whether
this operator expands in leading order to a single ele-
mentary scalar field or has a more complex bound state
dynamic depends on the rank k of the matrix φ0. If
1 ≤ k < N , the leading order contribution is given by
N − k elementary Higgs fields. For k = N the leading
order contribution is given by a single elementary scalar
field.
In the vector channel the U(1)-singlet operator with
least field content is given by
i trφ†Dµφ = −gv2trφ†0Aµφ0 −
√
8gvRe(trφ†0Aµϕ)
+ i
v√
2
trφ†0∂µϕ− 2g trϕ†Aµϕ+ i trϕ†∂µϕ.
(45)
The FMS expansion demonstrates that this operator can
be described by a single elementary vector boson as long
as tr(φ0φ
†
0Aµ) 6= 0, i.e., the H-invariant spectrum con-
tains a vector singlet. Note that also a pole at the mass of
the radial Higgs excitation seems to appear in the correla-
tor of this vector operator. However, this merely reflects
the mixing of ∂µ with other operators in the vector chan-
nel and does not lead to a new particle, cf. the discussion
in Sec. III A above Eq. (11). Additionally, we investigate
the SU(N)-invariant vector operator
tr(φ†FµνDνφ) = igv2tr[φ
†
0F
µν(Aµφ0 + φ0A
T
µ )] +O(ϕ)
(46)
which maps on possible H-invariant vector hybrids cre-
ated by the massive vector multiplets and the massless
gauge bosons. Finally, vector operators with an open
U(1) quantum number can only be constructed with the
aid of the epsilon tensor as in case of scalar operators.
In order to analyze this channel, we will investigate the
following two operators
1
N !
ǫa¯1···a¯N ǫb¯1···b¯N (Dµφ)a1b1φa2b2 · · ·φaN bN , (47)
1
N !
ǫa¯1···a¯N ǫb¯1···b¯N (FµνDνφ)a1b1φa2b2 · · ·φaN bN . (48)
The conjugated version of these operators describes the
corresponding antiparticles if the U(1) symmetry is in-
tact. As their FMS expansions are involved, we discuss
the relevant results in the appropriate subsections.
B. Symmetric second-rank tensor representation
The field configurations which minimize the poten-
tial (40) can always be transformed to either φab0 =
δab/
√
N for λ˜ > 0 or φab0 = δ
aNδNb if λ˜ < 0 [60]. Thus,
depending on the sign of λ˜ the breaking pattern reads
either SU(N) → O(N) or SU(N) → SU(N − 1), respec-
tively.
1. λ˜ > 0
Beginning the analysis for the case λ˜ > 0, it is useful to
decompose the fluctuation field of the symmetric second-
rank tensor into 3 parts which read for the particular
choice φab0 = δ
ab/
√
N ,
ϕ = hφ0 +Re(ϕ− hφ0) + iIm(ϕ− hφ0).
They are given by a complex scalar field proportional to
the VEV, tr(φ0ϕ) ≡ h(x) = 1√2 (h1(x) + ih2(x)), the real
part of the remaining fluctuation field after the complex
Higgs excitation h proportional to the VEV has been
subtracted, and the corresponding imaginary part. The
last part, encoding 12N(N+1)−1 real-valued scalar fields,
mixes with the fields stored in Re(Aµ) which acquire a
nonvanishing mass term if φab0 ∼ δab. Removing these
would-be Goldstone fields by using the unitary gauge,
the fluctuation field ϕ contains 12N(N+1)+1 real-valued
scalar fields after symmetry breaking in the gauge-fixed
formulation. Their mass spectrum is given by 12N(N +
1)−1 degenerated Higgs fields,
√
N
2 [(ϕ−hφ0)φ0+φ†0(ϕ†−
h∗φ†0)] = Re(ϕ − hφ0) ≡ h2s/
√
2, with mass m2h2s = λ˜v
2
transforming as a traceless symmetric second-rank tensor
of O(N). Further, we obtain two real-valued singlets, the
radial Higgs excitation h1 ≡
√
2Re
(
tr(φ0ϕ)
)
with mass
parameter m2h1 = (λ +
1
N λ˜)v
2, and a massless degree of
freedom h2 ≡
√
2Im
(
tr(φ0ϕ)
)
.
Analyzing the mass matrix for the gauge fields given
in Eq. (41), we obtain 12N(N +1)−1 degenerated vector
bosons stored in Aµ2s =
√
N(Aµφ0 + φ0A
Tµ)/2 which re-
duces to Re(Aµ) for φ0 = 1/
√
N . Their mass parameter
reads m2A2s =
2
N g
2v2. The remaining 12N(N − 1) mass-
less vector bosons Aµa = Im(A
µ) form the gauge sector of
the remaining O(N) gauge theory.
In order to investigate the bound state spectrum, we
have to examine the global symmetries of the action
which is given by a U(1) symmetry as in the funda-
mental case. In principle it is possible to classify the
states according to this global quantum number. How-
ever, a particularity of the considered model is that the
field configuration that minimizes the potential does not
only break the gauge symmetry due to gauge-fixing but
also spontaneously the global U(1) symmetry. In the
gauge-fixed formulation this is reflected by the occurrence
of the massless Higgs excitation h2 which is the corre-
sponding Goldstone boson. In order to show the break-
ing of the global U(1) symmetry in an SU(N)-invariant
fashion, a gauge-invariant order parameter can be con-
structed by 〈det(φ)〉 which is obviously invariant under
an SU(N) gauge transformation. Indeed, this vacuum
expectation value is nonvanishing and describes a homo-
geneous condensate for the field configuration that min-
imizes the potential. Therefore, we expect that also the
gauge-invariant bound state spectrum contains a mass-
less scalar particle. Thus, the U(1) quantum number is
no longer a conserved quantity and transitions between
U(1) singlets and non-singlets are possible.
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The FMS expansion of the simplest gauge-invariant
operator in the scalar channel (42) (which would be a
U(1) singlet) reads:
φ∗a¯b¯φab =
v2
2
+ vh1 +
1
2
(
h21 + h
2
2 + tr(h
2
2s)
)
. (49)
The operator expands in nontrivial leading order to the
massive real-valued Higgs field proportional to the VEV.
If we use the conventional multiplet decomposition, the
next-to-leading order contribution contains not only the
scattering of two radial Higgs fields h1 but also scat-
tering states of two massless fields h2 and the meson
state tr(h22s) belonging to the second class, 2ϕ
∗a¯b¯ϕab =
h21 + h
2
2 + h
ab
2sh
ab
2s . The possible scattering state h
2
2 pro-
duces a cut at 2mh2 = 0 for the correlator of tr(φ
†φ) im-
plying that the state at mh1 is merely a resonance. That
the ground state of the scalar channel might indeed be
given by a massless excitation as dictated by the Gold-
stone theorem can be further substantiated by investi-
gating bound states with a nonvanishing U(1) quantum
number. Although, this quantum number is no longer
conserved, we can still formally build such operators and
view them just as any other operator in the scalar chan-
nel which might have overlap with the ground state. As
the scalar field obeys more structure than in the funda-
mental case, it is easier to construct and expand such
operators. For instance the operator (44),
det(φ) =
vN
(2N)
N
2
+
√
NvN−1
(2N)
N−1
2
(h1 + ih2) +O(ϕ2), (50)
expands in nontrivial leading order to the complex singlet
h ∼ h1 + ih2 via the FMS mechanism and similar for the
charge conjugated operator, det(φ†)∼vN−1h∗+· · · . Thus
both scalar singlets h and h∗ or equivalently their real-
valued counterparts h1 and h2 belong to the first class.
As the U(1) charged composite object det(φ) acquires a
nonvanishing VEV, the generated states linked by a U(1)
transformation obtain different masses. We have a mass-
less Goldstone mode Im(detφ)∼h2 associated with the
broken U(1) generator and a real-valued massive radial
mode in the spectrum.
A further state in the scalar channel belonging to
the first class is the meson operator trA22s which can
be deduced from tr(φ†D2φ). The hybrid trF 22s and
the O(N) glueball trF 2a belong to the second class as
they can only be extracted from trF 2 or tr(φ†F 2φ)
via the standard multiplet decomposition. In addition,
trF 2 and tr(φ†F 2φ) contain the O(N)-invariant states
tr(FaA2sA2s) and tr(F2sA2sA2s).
We investigate the operator defined in Eq. (45) to get
a first glance on the vector channel. Its FMS expansion,
reveals that it does not expand to a single elementary vec-
tor particle as the leading order term, trφ†0Aµφ0, vanishes
for φ0 ∼ 1. At next-to-leading order we obtain the vector
meson tr(h2sA
µ
2s) being invariant under O(N) transfor-
mations. Further next-level states which belong to the
second class as well as the trivial contributions from the
scalar channel are encoded in the remaining terms. Al-
beit, it is not possible to construct a gauge-invariant vec-
tor operator that expands to a single vector field, it is
straightforward to write down an operator that expands
to an O(N)-invariant operator containing several vector
fields in the FMS prescription. For instance, the operator
tr(φ†FµνDνφ) =
2igv2
N
tr(Fµν2s A2sν) +O(ϕ) (51)
expands unambiguously to the hybrid state tr(Fµν2s A2sν)
containing the massive vector multiplet. Higher orders in
the FMS expansion combined with the multiplet decom-
position reveal several O(N)-invariant operators of the
second class which are summarized in Tab. VI.
Similar conclusions can be drawn from more involved
operators. For instance, the operator (47) expands in
leading order in the scalar fluctuation field to trAµ = 0
confirming the findings from the analysis of the U(1)
singlet operator (45). At next to leading order we ob-
tain tr(Aµ2sϕ) = tr(A
µ
2sh2s). Therefore, we also infer
from a formally U(1) charged operator13 that this O(N)-
invariant vector meson belongs to the first class. Using
the simple constituent model, we approximate its mass by
mA2s +mh2s . Similarly, the FMS expansion of the opera-
tor (48) predicts a state of the first class at ≈2mA2s as we
obtain a term proportional to tr(Fµν2s A2sν). This vector
hybrid is also the leading order contribution of the op-
erator ǫa¯1···a¯N ǫb¯1···b¯N (Fµνφ)a1b1(Dνφ)a2b2φa3b3 · · ·φaNbN .
Further states assigned to the second class and contain-
ing an increasing number of h2s as constituents appear
in these U(1) charged operators at higher orders in the
expansion coefficients of the FMS series. An overview
of the G-H duality of the present model is depicted in
Tab. VI.
2. λ˜ < 0
Without loss of generality the field configuration that
minimizes the potential (40) is given by φab0 = δ
aNδNb
for a negative coupling λ˜ [60]. Note that |λ˜| < λ for
a stable potential. It is straightforward to show that
the gauge-dependent vacuum configuration remains in-
variant under an SU(N − 1) subgroup. Inserting the
minimizing field configuration into Eq. (41), we obtain
the mass parameter matrix for the gauge bosons. We ob-
tain a complex fundamental vector Af ≡ Aφ0−Asφ0 with
m2Af =
1
2g
2v2 and an SU(N − 1) singlet As = tr(φ†0Aφ0)
being generically heavier m2As =
4(N−1)
N m
2
Af
. The re-
maining (N − 1)2− 1 gauge bosons are the massless vec-
tor degrees of freedom of the unbroken SU(N −1) group.
As the breaking pattern is the same as in the fundamen-
tal case, we obtain the same structural decomposition
13 Keep in mind that the global U(1) symmetry is broken and thus
the distinction is merely for practical purposes.
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SU(N) invariant O(N) singlets O(N) multiplets
JP U(1) Operator 1. Class [2. Class] Field DOF m2Field
0+ 0 tr(φ†φ) h1 [trh
2
2s] h1 1 (λ+
λ˜
N
)v2
0 tr(φ†D2φ) trA22s, [h1] [tr(h2sDµA
µ
2s)], [tr(A
µ
2sDµh2s)], [tr(h2sA2sA2s)] h2 1 0
0 trF 2 [trF 2a ], [trF
2
2s], [tr(FaA2sA2s)], [tr(F2sA2sA2s)] h2s
N(N+1)
2
− 1 λ˜v
2
N
0 tr(φ†F 2φ) [trF 2a ], [trF
2
2s], [tr(FaA2sA2s)], [tr(F2sA2sA2s)]
1/1¯ det(φ)/det(φ†) h1, h2 [deth2s], [trh
n
2s (n < N)]
1− 0 tr(φ†Dµφ) tr(Aµ2sh2s) [tr(h
2
2sA
µ
2s)], [tr(h2sD
µh2s)] A
µ
a
N(N−1)
2
0
0 tr(φ†FµνDνφ) tr(F
µν
2s A2sν) [tr(F
µν
2s Dνh2s)], [tr(F
µν
2s A2sνh2s)], [tr(F
µν
a A2sνh2s)] A
µ
2s
N(N+1)
2
− 1 2g
2v2
N
1/1¯ see Op. (47) tr(Aµ2sh2s) [see main text]
1/1¯ see Op. (48) tr(Fµν2s A2sν) [see main text]
Table VI. Particle content of an SU(N) gauge theory (N > 2) with a scalar field in the symmetric second-rank tensor representa-
tion and gauge-variant breaking pattern SU(N) → O(N). Left: Comparison between operators/states that are strict invariant
with respect to SU(N) transformations, i.e., observables, and operators/states that are considered from the conventional but
gauge-variant viewpoint of spontaneous gauge symmetry breaking (O(N) singlets). Trivial scattering states are ignored. In
case the contraction is obvious, we suppress Lorentz indices for better readability. Albeit the global U(1) symmetry is broken,
we formally divide the SU(N)-invariant operators into U(1) singlets and nonsinglets. We assign a U(1) charge of 1/N to the
scalar field φ. Right: Properties of the elementary building blocks obtained from the standard multiplet decomposition after
gauge fixing which are used to construct O(N) singlets.
of the elementary gauge field. Nonetheless, the internal
dynamics is different which manifests, e.g., in the differ-
ent ratio m2Af/m
2
As
, c.f. App. A. The elementary scalar
field φ decomposes into the real-valued radial Higgs ex-
citation h =
√
2Re
(
tr(φ†0ϕ)
)
with m2h = (λ + λ˜)v
2 and
N(N−1) degenerated complex scalars forming a complex
symmetric second-rank SU(N − 1) tensor field h2s with
m2h2s = |λ˜|v2. The remaining massless scalar degrees of
freedom mix with those gauge bosons acquiring a non-
vanishing mass term and thus are would-be Goldstones
which we remove by the unitary gauge condition.
In contrast to the previous case (λ˜ > 0), the gauge-
invariant spectrum can be defined according to the global
U(1) quantum number of the model. At first sight, it
seems that the field configuration φab0 = δ
aNδNb breaks
the generator of the global U(1) symmetry in the gauge-
fixed set up. However, this is a gauge-dependent state-
ment as φ0 is a gauge-dependent order parameter. The
model still obeys an unbroken global U(1) symmetry
which manifests in an unbroken diagonal subgroup of
SU(N)×U(1) in the gauge-fixed formulation. Thus, it is
still possible to classify the states according to their U(1)
quantum number. This statement can be made more
precise in a gauge-invariant way by realizing that the
gauge-invariant order parameter 〈detφ〉 vanishes for the
particular field configuration which minimizes the poten-
tial for λ˜ < 0. Also any other U(1) charged operator does
not develop a homogeneous condensate at least within
the perturbative regime.
Beginning with the U(1)-singlet scalar channel, we
analyze the operators tr(φ†φ), tr(φ†D2φ), trF 2, and
tr(φ†F 2φ). From their FMS expansion, e.g., see Eq. (42)
and Eq. (43), we conclude that only the radial Higgs ex-
citation h generates a state of the first class. All other
scalar SU(N − 1)-singlets contained in these operators,
e.g., tr(h†2sh2s), tr(A
†
fAf), tr(F
†
f Ff), and trF
2
a , can only
be obtained via the conventional multiplet decomposition
as they mix with the scattering states A2s and h
2. For
the precise relation between the SU(N) and SU(N − 1)
states see Tab. VII.
The gauge-invariant U(1)-nonsinglet operator (44)
that contains only scalar fields expands in leading order
to the SU(N − 1) invariant state det(h2s),
detφ =
1√
2
(v + h) det(h2s). (52)
Further operators might be investigated for a complete
analysis of the mass spectrum within this channel but
all local operators that can be build from the elemen-
tary fields will generically expand to operators with larger
field content than N − 1 scalar fields.
The simplest gauge-invariant vector operator with van-
ishing U(1) quantum number expands to the heaviest
vector boson which is an SU(N − 1) singlet,
i tr(φ†Dµφ) = −gv
2
2
Aµs +O(ϕ). (53)
This is equivalent to the fundamental case which creates
the same breaking pattern. Further, the vector operator
defined in Eq. (46) expands in leading order to a superpo-
sition of the vector hybrid tr(F †µνf Afν) and the scattering
state tr(Fµνs Asν). Thus, the former state belongs to the
second class.
To investigate the bound state structure of vec-
tor particles charged under the global U(1) symme-
try, we first study the operator (47). The lead-
ing order contribution forms an intricate SU(N)-
invariant hybrid created from N − 2 different com-
ponents of h2s and one element of D
µh2s, i.e.,
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SU(N) invariant SU(N − 1) singlets SU(N − 1) multiplets
JP U(1) Operator 1. Class [2. Class] Field DOF m2Field
0+ 0 tr(φ†φ) h [tr(h†2sh2s)] h 1 (λ+ λ˜)v
2
0 tr(φ†D2φ) [h] [tr(A†fAf)], [tr(h
∗
2sAfA
T
f )], [tr(h2sA
∗
fA
†
f )] h2s N(N − 1) |λ˜|v
2
0 trF 2 [trF 2a ], [tr(F
†
f Ff)], [tr(A
†
fFaAf)]
0 tr(φ†F 2φ) [tr(F †f Ff)]
1/1¯ detφ/detφ† deth2s/deth
†
2s
1− 0 tr(φ†Dµφ) Aµs [tr(h
†
2sD
µh2s)] A
µ
a (N − 1)
2 − 1 0
0 tr(φ†FµνDνφ) [tr(F
†µν
f Afν)], [tr(F
†µν
f h2sA
∗
fν)], [tr(F
Tµν
f h
∗
2sAfν)] A
µ
s 1
2(N−1)
N
g2v2
1/1¯ see Op. (47) see main text Aµf 2(N − 1)
g2v2
2
1/1¯ see Op. (48) [see main text]
Table VII. Particle content of an SU(N) gauge theory (N > 2) with a scalar field in the symmetric second-rank tensor
representation and gauge-variant breaking pattern SU(N)→ SU(N − 1). Left: Comparison between operators/states that are
strict invariant with respect to SU(N) transformations, i.e., observables, and operators/states that are considered from the
conventional but gauge-variant viewpoint of spontaneous gauge symmetry breaking (SU(N − 1) singlets). Trivial scattering
states are ignored. In case the contraction is obvious, we suppress Lorentz indices for better readability. We assign a U(1)
charge of 1/N to the scalar field φ. Right: Properties of the elementary building blocks obtained from the standard multiplet
decomposition after gauge fixing which are used to construct SU(N − 1) singlets.
ǫ ˙¯a1··· ˙¯aN−1ǫ
˙¯b1··· ˙¯bN−1(Dµh2s)a˙1b˙1h
a˙2b˙2
2s · · ·ha˙N−1b˙N−12s where
dotted indices run only over those components defining
the nontrivial SU(N−1) subspace. As this hybrid opera-
tor follows in a unique way from the FMS expansion, we
assign it to the first class. Furthermore, we obtain trivial
scattering states, e.g., given by Aµs and deth2s. The oper-
ator defined in Eq. (48) expands in leading order to scat-
tering states as well as another SU(N − 1)-invariant hy-
brid, ǫ ˙¯a1··· ˙¯aN−1ǫ
˙¯b1··· ˙¯bN−1(Fµνf A
T
fν)
a˙1 b˙1ha˙2 b˙22s · · ·ha˙N−1b˙N−12s ,
containing elements of h2s as well as the nonsinglet mas-
sive vector multiplet. As we can disentangle this hybrid
and the scattering states only via the conventional mul-
tiplet decomposition, we assign the hybrid to the second
class. At higher orders, we obtain scattering states such
as tr(F †µνf Afν) and deth2s or tr(F
µν
s Asν) and deth2s.
C. Antisymmetric second-rank tensor
representation
We have to consider two different breaking patterns
depending on the sign of the non-isotropic coupling λ˜ also
for the antisymmetric second-rank tensor representation.
1. λ˜ > 0
First, we consider the case λ˜ > 0. As the breaking
pattern reads SU(N) → Sp(2⌊N/2⌋) where ⌊x⌋ is the
floor function [60, 63], it is useful to consider the cases
for even and odd argument separately as in case of the
adjoint representation for SO(N) gauge theories. The
direction of the field configuration that minimizes the
potential (40) can be transformed into the following block
diagonal form
φ0 =
1√
2K


ε
. . .
ε

 (54)
for SU(N = 2K) with ε =
(
0 1
−1 0
)
and all off-diagonal
elements vanish [60]. Note that also this field configura-
tion breaks the global U(1) symmetry.
The mass matrix for the vector fields given in Eq. (41)
has 2K2 + K vanishing eigenvalues. The correspond-
ing massless vector fields are gauge bosons of the un-
broken Sp(2K) Yang-Mills sector in the gauge-fixed ver-
sion of the model. The remaining vector fields, A2a =
Aφ0 + φ0A
T form an antisymmetric second-rank tensor
of Sp(2K) with mass parameter m2A2a =
1
K g
2v2.
Accordingly, the scalar fluctuation field ϕ contains
would-be Goldstone bosons forming an antisymmetric
tensor which we remove from the elementary spectrum
by the unitary gauge. The remaining scalar degrees of
freedom form another antisymmetric Sp(2K) tensor with
mass parameter mh2a =
1
2K λ˜v
2 and two real-valued sin-
glets being the real and imaginary part proportional to
φ0. While the real part is the radial Higgs excitation h1 =√
2Re
(
tr(φ†0ϕ)
)
and thus massive, mh1 = (λ +
1
2K λ˜)v
2,
the imaginary part h2 =
√
2Im
(
tr(φ†0ϕ)
)
is massless but
a BRST singlet. This field is a real Goldstone degree of
freedom associated to the broken generator of the global
U(1) symmetry group of the model.
Albeit the VEV of the scalar field φ0 is gauge-
dependent, we are able to formulate the breaking of the
global symmetry group in a gauge-invariant manner due
to the gauge-invariant order operator 〈detφ〉. Similar
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SU(2K) invariant Sp(2K) singlets Sp(2K) multiplets
JP U(1) Operator 1. Class [2. Class] Field DOF m2Field
0+ 0 tr(φ†φ) h1 [tr(h
†
2ah2a)] h1 1 (λ+
1
2K
λ˜)v2
0 tr(φ†D2φ) tr(A†2aA2a), [h1] [tr(h
†
2aDµA
µ
2a)], [tr(A
†µ
2aDµh2a)] h2 1 0
0 trF 2 [trF 2a ], [tr(F
†
2aF2a)], [tr(A
†
2aFaA2a)] h2a 2K
2 −K − 1 λ˜v
2
2K
0 tr(φ†F 2φ) [trF 2a ], [tr(F
†
2aF2a)], [tr(A
†
2aFaA2a)]
1/1¯ det(φ) h1, h2 [deth2a], [see main text]
1/1¯ ǫa¯1···a¯2Kφa1a2 · · ·φa2K−1a2K h1, h2 [see main text]
1− 0 tr(φ†Dµφ) tr(h†2aA
µ
2a) [tr(h
†
2aDµh2a)] A
µ
a K(2K + 1) 0
0 tr(φ†FµνDνφ) tr(F
†µν
2a A2aν) [tr(F
†µν
2a Dνh2a)], [tr(h
†
2aF
µν
a A2aν)] A
µ
2a 2K
2 −K − 1 g
2v2
K
1/1¯ see Op. (47) see main text [see main text]
1/1¯ see Op. (48) [see main text]
SU(2K + 1) invariant Sp(2K) singlets Sp(2K) multiplets
JP U(1) Operator 1. Class [2. Class] Field DOF m2Field
0+ 0 tr(φ†φ) h [tr(h†2ah2a)] h 1 (λ+
1
2K
λ˜)v2
0 tr(φ†D2φ) [h] [tr(A†2aA2a)], [tr(A
†
fAf )], [tr(h
†
2aDµA
µ
2a)], h2a 2K
2 −K − 1 λ˜v
2
2K
[tr(A†µ2aDµh2a)]
0 tr(φ†φ(Dµφ)†φφ†Dµφ) [tr(A
†
2aA2a)]
0 trF 2 [trF 2a ], [tr(F
†
2aF2a)], [tr(F
†
f Ff )],
[tr(A†2aFaA2a)], [tr(A
†
fFaAf )]
0 tr(φ†Fµνφφ†Fµνφ) [trF
2
a ], [tr(F
†
2aF2a)], [tr(A
†
2aFaA2a)],
[tr(A†fFaAf )]
1/1¯ see Op. (56) only trivial scattering states
1− 0 tr(φ†Dµφ) Aµs [tr(h
†
2aA
µ
2a)], [tr(h
†
2aD
µh2a)] A
µ
a K(2K + 1) 0
0 tr(φ†FµνDνφ) [tr(F
†µν
2a A2aν)], [tr(A
†
fνF
µν
f )], A
µ
2a 2K
2 −K − 1 g
2v2
K
[tr(F †µν2a Dνh2a)], [tr(h
†
2aFaA2a)] A
µ
f 4K
g2v2
4K
1/1¯ see Op. (48) [see main text] Aµs 1
g2v2
K(2K+1)
Table VIII. Particle content of an SU(N) gauge theory (N > 2) with a scalar field in the antisymmetric second-rank tensor
representation and gauge-variant breaking pattern SU(N) → Sp(2⌊N/2⌋). The upper table contains the spectrum for even N
while the lower table summarizes the spectrum for odd N . Left: Comparison between operators/states that are strict invariant
with respect to SU(N) transformations, i.e., observables, and operators/states that are considered from the conventional but
gauge-variant viewpoint of spontaneous gauge symmetry breaking (Sp(2K) singlets). Trivial scattering states are ignored. In
case the contraction is obvious, we suppress Lorentz indices for better readability. Albeit the global U(1) symmetry is broken for
N = 2K, we formally divide the SU(2K)-invariant operators into U(1) singlets and nonsinglets. We assign a U(1) charge of 1/N
to the scalar field φ. Right: Properties of the elementary building blocks obtained from the standard multiplet decomposition
after gauge fixing which are used to construct Sp(2K) singlets.
to the case of a symmetric second-rank tensor, this or-
der parameter is nonvanishing for the field configura-
tion (54) that minimizes the potential (40) for λ˜ > 0
and even N . Likewise, the U(1) charged but SU(N)-
invariant operators detφ and detφ† can be translated
into two strict gauge-invariant real-valued modes which
expand to the elementary fields h1 and h2, implying that
the scalar channel has no mass gap. Thus, we find indeed
an SU(N)-invariant composite Goldstone degree of free-
dom which is connected to the elementary massless field
h2 via the FMS expansion. As the global U(1) symme-
try is spontaneously broken, we have transitions between
U(1)-singlet and -nonsinglet states.
As usual, the FMS expansion of the operator (42)
predicts that the gauge-invariant bound state spectrum
in the scalar channel contains the elementary radial
Higgs field which belongs to the first class. The Sp(2K)
meson bound state of two elementary scalar antisym-
metric tensor fields tr(h†2ah2a) belongs to the second
class. Further, we obtain the branch cut signaling the
decay into two massless Goldstone modes. The analysis
of further bound state operators in the scalar as well as
the vector channel follows the recipes of the previous
sections. We list SU(2K) gauge-invariant operators and
the corresponding Sp(2K) singlets obtained from either
the FMS decomposition or the multiplet decomposi-
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tion in Tab. VIII. As the occurring Sp(2K)-invariant
operators obtained from operators with formally open
U(1) quantum number are lengthy, we briefly discuss
their constituent field content here. The leading order
contribution of the FMS expansion of detφ and its
conjugate is given by the radial Higgs excitation h1 and
the U(1) Goldstone h2. Both belong to the first class.
At order 2 ≤ p ≤ N we obtain various operators of
the second class with increasing number of h2a as con-
stituents, ǫa¯1···a¯N ǫb¯1···b¯Nha1b12a · · ·hapbp2a φap+1bp+10 · · ·φaN bN0
(= deth2a for p = N). Similarly, the scalar operator
ǫa¯1···a¯2Kφa1a2 · · ·φa2K−1a2K expands unambiguously to
h1 and h2 at leading. Nontrivial composite opera-
tors containing two to K fields h2a can be extracted
via the multiplet decomposition. The leading or-
der contribution vanishes for the Operator (47)
in the vector channel. At next-to-leading order,
we obtain ǫa¯1···a¯N ǫb¯1···b¯NAµa1b12a h
a2b2
2a φ
a3b3
0 · · ·φaN bN0
without requiring the multiplet decomposition, i.e.,
this meson operator belongs to the first class. At
higher order p we extract further composite operators
ǫa¯1···a¯N ǫb¯1···b¯NAµa1b12a h
a2b2
2a · · ·hap+1bp+12a φap+2bp+20 · · ·φaN bN0
and ǫa¯1···a¯N ǫb¯1···b¯N (Dµh2a)a1b1h
a2b2
2a · · ·hapbp2a φap+1bp+10 · · · .
The operator (48) does not expand in leading
order to a single Sp(2K)-invariant operator. Us-
ing the conventional multiplet decomposition, we
obtain ǫa¯1···a¯N ǫb¯1···b¯N (Fµνa A2aν)
a1b1φa2b20 · · ·φaN bN0 ,
ǫa¯1···a¯N ǫb¯1···b¯N (Fµν2a A2aν)
a1b1φa2b20 · · ·φaN bN0 , as well as
ǫa¯1···a¯N ǫb¯1···b¯N ([Aµ2aA
†ν
2a −Aν2aA†µ2a ]A2aν)a1b1φa2b20 · · · .
Further operators of the second class can be extracted
at higher orders.
For SU(2K+1) the normalized field configuration that
minimizes the potential reads
φ0 =
1√
2K


ε
. . .
ε
0

 (55)
causing the breaking pattern SU(2K + 1)→ Sp(2K)
[60]. The elementary scalar sector remains unchanged
in the unitary gauge apart from the fact that the previ-
ous BRST singlet Goldstone h2 becomes now a would-be
Goldstone, mixing with the gauge boson associated to
the additional Cartan generator. Consequently, we get
additional massive vector fields from the decomposition
of Aµ. These are a massive singlet As = tr(φ
†
0Aφ0) and
a complex 2K component field Aµf = 2Kφ0φ
†
0(D
µφ0 −
2K(Dµφ0)φ0φ
†
0) transforming under the fundamental
representation of Sp(2K). The antisymmetric tensor field
Aµ2a is now described in an Sp(2K) covariant form via
4K2φ0φ
†
0(D
µφ0)φ0φ
†
0 − 2KAsφ0φ†0.
Investigating the strict SU(2K+1)-invariant spectrum
of the model, we first note that detφ = 0. Any other
nonvanishing operator in the scalar open U(1) channel
does not develop a homogeneous condensate and gener-
ates only massive modes. Thus, we conclude that the
global U(1) symmetry is intact. Nonetheless, the investi-
gation of the spectrum in the scalar open U(1) channel is
intricate. All examined operators contain only scattering
states. For instance, one of the nonvanishing operators
with least field content is given by
ǫa¯1···a¯N ǫb¯1···b¯N (FµνDνφ)a1b1(Dµφ)a2b2φa3b3 · · ·φaN bN .
(56)
The first nontrivial lowest order term of the FMS ex-
pansion is a scattering state of the Sp(2K)-invariant
vector hybrid ǫa¯1···a¯N ǫb¯1···b¯NAµa1b12a h
a2b2
2a φ
a3b3
0 · · ·φaNbN0 ,
which we already discussed for N = 2K, and an Sp(2K)-
invariant vector hybrid formed by Af and Ff . At higher
orders in the FMS expansion, we obtain further scatter-
ing states, e.g., including the vector singlet Aµs and other
Sp(2K)-invariant operators.
In the vector channel, the U(1)-charged operator (47)
vanishes for N = 2K + 1. The operator (48) expands in
leading order merely to operators of the second class, e.g.,
the Sp(2K)-invariant hybrid operator created by Ff and
Af which we already encountered in the scalar channel.
At higher orders in the FMS expansion, we find scatter-
ing states of this particular hybrid with h as well as more
sophisticated Sp(2K)-singlets. Only in case N = 3, we
find that the SU(2)-invariant operator containing Aνf and
DνA
µ
f belongs to the first class. The mass of this hybrid
can be approximated by 2mAf in the simple constituent
model. That we obtain the same result as in the fun-
damental case, c.f. [54] or App A, is not a surprise for
N = 3 because in this case the antisymmetric second-
rank tensor can be mapped on the (anti)fundamental
representation. The analysis of U(1)-singlet scalar and
vector operators is straightforward. A summary can be
found in Tab. VIII.
2. λ˜ < 0
For negative λ˜, the field configuration which minimizes
the potential (40) can be transformed to the following
block-diagonal form [60],
φ0 =
1√
2


ε
0
. . .
0

 , (57)
and we have SU(N)→ Sp(2)× SU(N − 2) [63, 64].
In the unitary gauge, the fluctuation field ϕ can be
parametrized by a real-valued singlet h =
√
2Re
(
tr(φ†0ϕ)
)
and the remaining components live in the subspace or-
thogonal to φ0. They are singlets with respect to Sp(2)
but transform as a complex antisymmetric second-rank
SU(N−2) tensor which we denote by hs⊗2a using the no-
tation introduced in Sec. III C. The mass parameters of
the multiplets arem2h = (λ+
1
2 λ˜)v
2 andm2hs⊗2a = − 14 λ˜v2.
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SU(N) invariant Sp(2)× SU(N − 2) singlets Sp(2)× SU(N − 2) multiplets
JP U(1) Operator 1. Class [2. Class] Field DOF m2Field
0+ 0 tr(φ†φ) h [tr(h†s⊗2ahs⊗2a)] h 1 (λ+
1
2
λ˜)v2
0 tr(φ†D2φ) [h] [tr(A†f⊗fAf⊗f)] hs⊗2a (N − 2)(N − 3)
λ˜v2
4
0 trF 2 [trF 2a⊗s], [trF
2
s⊗a], [tr(F
†
f⊗fFf⊗f)]
[tr(A†f⊗fFa⊗sAf⊗f)], [tr(A
†
f⊗fFs⊗aAf⊗f)]
0 tr(φ†F 2φ) [trF 2a⊗s], [tr(F
†
f⊗fFf⊗f)], [tr(A
†
f⊗fFa⊗sAf⊗f)]
0 tr(φ†Fµνφφ†Fµνφ) [trF
2
a⊗s], [tr(A
†
f⊗fFa⊗sAf⊗f)]
1/1¯ detφa h [deths⊗2a]
a
1/1¯ see Op. (56) only trivial scattering states
1− 0 tr(φ†Dµφ) Aµs [tr(h
†
s⊗2aD
µhs⊗2a)] A
µ
a⊗s 3 0
0 tr(φ†FµνDνφ) [tr(F
†µν
f⊗f Af⊗fν)] A
µ
s⊗a (N − 2)
2 − 1 0
1/1¯ see Op. (47)a see main text Aµf⊗f 4(N − 2)
g2v2
4
1/1¯ see Op. (48) [see main text] Aµs⊗s 1
N−2
N
g2v2
a Vanishes for N = 2K + 1.
Table IX. Particle content of an SU(N) gauge theory (N > 2) with a scalar field in the antisymmetric second-rank tensor
representation and gauge-variant breaking pattern SU(N) → Sp(2) × SU(N − 2). Left: Comparison between operators/states
that are strict invariant with respect to SU(N) transformations, i.e., observables, and operators/states that are considered from
the conventional but gauge-variant viewpoint of spontaneous gauge symmetry breaking (Sp(2)× SU(N − 2) singlets) . Trivial
scattering states are ignored. In case the contraction is obvious, we suppress Lorentz indices for better readability. We assign
a U(1) charge of 1/N to the scalar field φ. Right: Properties of the elementary building blocks obtained from the standard
multiplet decomposition after gauge fixing which are used to construct Sp(2)× SU(N − 2) singlets.
As we have 4N − 7 broken generators, we get 4N − 7
massive vector fields while the remaining gauge bosons
are massless and are in the adjoint representation of ei-
ther Sp(2), Aa⊗s, or SU(N − 2), As⊗a. The massive
vector bosons can be divided into a singlet As⊗s with
mass m2As⊗s =
N−2
N g
2v2 and 4(N − 2) degenerated vec-
tor fields transforming as a fundamental vector with re-
spect to both subgroups, Af⊗f , with mass parameter
m2Af⊗f =
1
4g
2v2.
The gauge-invariant composite scalar and vector states
of this theory can be classified according to the global
U(1) symmetry of the model. The FMS expansion for
most of the SU(N)-invariant operators introduced in
Sec. IVA is straightforward and listed in Tab. IX. Par-
ticularities appear in the U(1) open scalar channel for
odd N . In this case, detφ vanishes and all other inves-
tigated operators in this channel, e.g., the operator de-
fined in (56), contain only scattering states. In the vector
channel, the SU(N)-invariant operator (47) vanishes for
odd N . For N = 2K, it expands to the SU(N − 2) hy-
brid ǫ ˙¯a1··· ˙¯aN−2ǫ
˙¯b1··· ˙¯bN−2(Dµhs⊗2a)a˙1b˙1h
a˙2b˙2
s⊗2a · · ·ha˙N−2b˙N−2s⊗2a
where dotted indices run only over those components
defining the SU(N − 2) subspace as well as scattering
states with h at higher orders. The vector operator (48)
is nonvanishing for all N and the leading order term of
the FMS expansion is given by an Sp(2)- and SU(N−2)-
invariant hybrid created by Af⊗f , Ff⊗f , and N − 3 fields
h2a belonging to the second class as well as scattering
states. Only for N = 3 we obtain a state of the first class
at ≈ 2mAf as we can map the antisymmetric tensor to
the (anti-)fundamental representation. At higher orders
in the expansion, we obtain only scattering states.
V. IMPLICATIONS FOR GUTS
So far, we found that merely a few single H-invariant
operators can be extracted solely via the FMS decom-
position of G-invariant composite operators. In case lat-
tice studies will accumulate further evidence that only
states belonging to the first class are contained in the
G-invariant spectrum of a gauge theory with BEH mech-
anism, the viewpoint on many proposed BSM models
will change. In case states of the second class would
also be included in the G-invariant spectrum, a strict G-
H duality could be established at least for those theo-
ries for which the H multiplets carry only non-Abelian
gauge charges and the tensor rank of the scalar field is
sufficiently low depending on the representation of other
nontrivial G multiplets (gauge fields, fermions, further
scalars) and the conventional gauge-dependent breaking
pattern. However, this is not the case for a proper BSM
model which has to be constructed such that one obtains
the standard model gauge group (and finally SU(3)×U(1)
as a low-energy effective theory). Thus, a description of
U(1) charged objects is necessary in the context of BSM
models.
In our above analysis, we have seen examples which
imply that this will turn out to be problematic for GUTs
or any other scenario which uses some extended gauge
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sector which does not include an explicit U(1) part and
is ’broken’ to the standard model by some extended Higgs
sector. While U(1) charged states are well defined observ-
ables from the perspective of any H = H˜ × U(1) gauge
theory,14 there is no G-invariant operator from which we
can extract such a U(1) charged state, neither via the
FMS nor the multiplet decomposition. Thus, these par-
ticular states belong to the third class. For an explicit
example, see our toy model studies in Sec. III A forN = 3
or Sec. III B for λ˜ < 0.15
In order to examine a more sophisticated scenario, con-
sider the SU(5) GUT. None of the SU(5)-invariant op-
erators containing only one SU(5) gauge field expand
to a W±. For instance, φ†ΣnDµφ ∼ Zµ (n ≥ 0),
∂νtr(ΣF
µν) ∼ Zµ, ∂νtr(ΣnFµν) ∼ Zµ + AµU(1) (n > 1),
where φ and Σ are the scalar fields in the fundamental
and adjoint representation, respectively. At least the Z
boson belongs to the first class. The photon can only be
disentangled from the Z if we use the multiplet decompo-
sition for the latter operator. Thus, there is not only no
SU(5)-invariant description of W± but also none of the
massless photon in case states of the second class are in-
deed not contained in the strict gauge-invariant spectrum
of the model.16
That U(1) ⊂ H charged states are assigned to the third
class can also be seen within the fermion sector straight-
forwardly. Any SU(5)-invariant operator build by one
of the fermion multiplets as well as an arbitrary number
of Higgs multiplets provides only an SU(5)-invariant de-
scription of a neutrino which is consistent as this is the
only noncharged particle with respect to SU(3) × U(1).
However, there is no SU(5)-invariant description of an
electron or a quark (which is fine for the latter as quarks
are additionally color charged). The only states that can
be extracted via the FMS or the multiplet decomposi-
tion from G-invariant objects are H-invariant. Thus, we
obtain at most U(1)-singlet bound states as W+W− or
positronium but not their charged constituents. Also the
additional global U(1)global symmetry cannot be used to
describe electrically charged particles as a careful distinc-
tion between the different U(1) groups is necessary. Any
operator obtained from an SU(5)-invariant object carry-
ing an open global U(1)global quantum number is still
invariant with respect to U(1)em transformations as the
14 As long as the state is invariant with respect to H˜.
15 For the SO(N) antisymmetric tensor and λ˜ > 0 as well as for the
SU(N > 2) adjoint case, we obtained Abelian charged multiplets
as well. However, the corresponding multiplets carried also a
non-Abelian charge in such a way that H˜-invariant operators are
always U(1) singlets. Thus, there is no U(1) charged H-invariant
state that can be assigned to the third class in these cases.
16 In a previous work, we classified the photon as a potential ob-
servable of the SU(5)-invariant spectrum [54]. However, we did
not take vSM/vGUT corrections into account within this prior
analysis and also did not performed the present classification of
states. Taking such effects into account leads to a reclassification
of the photon.
latter is the central U(1) of S(U(3)×U(2)). Indeed, one
finds only SU(5)-invariant operators charged with respect
to U(1)global that expand to bound states, e.g., contain-
ing a W± and three leptoquarks with charge ∓ 13 , such
that the net electric charge vanishes.
From this perspective, the conventional formulation of
SU(5) GUT fails to describe the experimentally observed
particles in a gauge-invariant manner. This point of view
can be generalized to any other currently investigated
GUT scenario with a single gauge group as well as fur-
ther BSM models with extended gauge sector where G
does not include an explicit U(1), e.g., SO(10), E6, Pati-
Salam, or trinification. As to whether similar constraints
also extend to models where G contains an explicit U(1)
factor, G = G˜ ×U(1), e.g., flipped SU(5), is an open issue
and currently under investigation. Nonetheless, the FMS
analysis of the spectrum of gauge theories with a BEH
mechanism formulates new field theoretical constraints
on the construction of GUTs and BSM model building.
Of course, we assume here that the G-invariant spectrum
is only analyzed via the FMS approach. If novel strict
gauge-invariant formulations beyond the FMS prescrip-
tion could be developed, the additional restrictions might
be circumvented. But even if it would be possible to
find G-invariant formulations of the completeH-invariant
spectrum, the FMS approach still provides additional in-
sights and possible constraints in terms of G-invariant
bound states. Furthermore, the FMS approach could al-
low for new routes towards model building. For instance
consider the SO(N) antisymmetric tensor. Albeit there
is no state charged with respect to the Abelian part of
either SU(K)×U(1) (λ˜ > 0) or U(1)×SO(N−2) (λ˜ < 0),
we found hints of an additional emergent Abelian gauge
structure at the level of the G-invariant bound states
which could mimic the electric charge.
VI. CONCLUSIONS
We investigated the spectrum of non-Abelian gauge
theories with a BEH mechanism in a strict gauge-
invariant manner without using the misleading notion
of spontaneous gauge symmetry breaking. In order to
perform these studies, we systematically extended and
adapted the method developed by Fröhlich, Morchio, and
Strocchi who formulated the electroweak standard model
in a gauge-invariant language for the first time. We
demonstrated that properties of some G-invariant opera-
tors can be read off from properties of H-invariant oper-
ators in those gauges where the gauge-depended VEV of
the scalar field is identified with the field configuration
that minimizes the action. Within these commonly cho-
sen gauges, a G-H duality is established between some
but not all states where H is the stability group ob-
tained from the usual perspective on the BEH mecha-
nism. Of course, the properties of G-invariant objects do
not change once a different gauge condition is chosen. It
is rather that they are probably easiest accessible within
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these special gauges but the G-invariant nature of the
spectrum is always intact even in the presence of a BEH
mechanism in accordance to Elitzur’s theorem.
That the spectra of a G gauge theory and the corre-
spondingH gauge theory are in most cases not identical is
in contrast to the assumption of the standard treatment
of the BEH mechanism via spontaneous gauge symmetry
breaking. The FMS expansion in terms of the split (1)
reveals that only a subset of the spectra coincides. There-
fore, a reinterpretation of the BEH mechanism is manda-
tory for a strict gauge-invariant and thus field theoretical
well-defined formulation of observables in gauge theories
with BEH mechanism. In fact, the BEH mechanism does
not lead to spontaneous gauge symmetry breaking but
provides a G-H duality between the states of these the-
ories. Which states are actually related via this duality
can be extracted via the FMS expansion. From a bot-
tom up perspective this analysis shows which states of
an H gauge theory can be embedded in the context of
a theory with gauge group G with suitable scalar sector.
This latter point leads to new constraints for BSM model
building.
In particular, we investigated the FMS expansion of
various operators of SO(N) and SU(N) gauge theories
with a BEH mechanism induced by a single scalar field
in a low dimensional representation up to second rank
tensors. Further, we categorized the possible states of
the remaining unbroken H gauge theory in a gauge-fixed
formulation according to the definitions of Sec. II. We
put a special emphasis on the distinction between states
of the first and second class. Operators/States of both
classes can formally be obtained from G-invariant opera-
tors. However, states of the first class are distinguished
by the fact that the FMS expansion directly project on
these H singlets. No unique FMS projection exists for
states of the second class. Thus, they can only be ob-
tained via the standard gauge-dependent multiplet de-
composition. This classification and the assumption that
only states of the first class are present in the G-invariant
spectrum is based on present available lattice simula-
tions [6–12]. In particular, states of the first class can be
treated within the usual BEH framework at leading or-
der in the FMS prescription. Slight modifications of this
assumption might be conceivable once further theories
are simulated. In particular, larger operator bases are
necessary to decide the indeterminate role of operators
of the second class. Furthermore, we ignored possible
nontrivial analytic structures of the propagators which
might become more involved due to the various interac-
tions. These could give rise to additional bound states
or resonances.
In caseH is non-Abelian, we always obtain operators of
the second class, e.g., the H-glueballs, showing that the
G-invariant spectrum is modified compared to the con-
ventional treatment. But even if it turns out that some or
maybe even all operators of the second class are present in
the G-invariant spectrum, the spectrum of possible stan-
dard model extensions is constrained by the FMS analy-
sis. Clearly, the standard model contains fields with an
Abelian charge. Thus, any BSM model has to be able
to describe U(1) charged particles at least as some low-
energy effective model. However, this cannot be a U(1)
charge being part ofH as we can only extractH-invariant
operators from any G-invariant operator via the FMS or
the multiplet decomposition, i.e., the operator is a U(1)
singlet. Therefore, the FMS mechanism provides an ad-
ditional field theoretical tool to examine the validity of
proposed BSMmodels similar to constraints from anoma-
lies. Only if the strict gauge-invariant spectrum of the
model is at least compatible with the standard model, or
to be more precise with experiment, it can be viewed as a
valid standard model extension. Otherwise the proposed
model has to be rejected or alternative ways beyond the
FMS description in terms of bound states have to be de-
veloped for a proper definition of observables.
From the FMS viewpoint, the electroweak structure
of the standard model is special as a duality between
gauge-invariant bound states and elementary fields can
be established at leading order in the FMS approach.
This can be traced back to the following two facts. First,
H does not contain a non-Abelian substructure. Second,
gauge-invariant operators can be assigned to multiplets
of an additional global SU(2) symmetry within the Higgs
sector, although this symmetry is broken by the hyper-
charge. That the global symmetry of the model is the
same as the weak gauge structure provides a one-to-one
mapping at leader order in the expansion. Precisely this
circumstance explains why the perspective of electroweak
symmetry breaking within the standard model is success-
ful albeit not well defined. As to whether similar con-
structions are possible for general G gauge theories with
enlarged global symmetry group will be discussed in sub-
sequent work. Further, it is important to investigate the
phenomenological implications of the FMS approach also
beyond the leading order contributions within the stan-
dard model (and beyond). Otherwise modifications aris-
ing from the gauge-invariant formulation of the standard
model could be misinterpreted as BSM signals. Current
exploratory studies in this direction show that these ef-
fects are suppressed but might get observed by future
experiments [49, 65–68]. Moreover, the FMS mechanism
might lead to novel model building strategies. Although,
it constrains theories which try to embed the standard
model within some larger gauge group and an extended
Higgs sector, the duality between states of different gauge
theories provides various new possibilities for dark matter
phenomenology [69, 70]. Note that the authors of the lat-
ter two papers assume that also states which we assign
to the second class are related via the duality relation
and that the conventional analysis of the BEH mecha-
nism can be used to study the spectrum of the investi-
gated models. Furthermore, we observed hints that also
new Abelian gauge structures can emerge at the level of
the G bound states. This emergent gauge structure was
induced by a nontrivial interplay of the BEH and FMS
mechanism.
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Appendix A: Fundamental representation of SU(N)
In this appendix, we summarize the FMS analysis of an
SU(N) gauge theory with scalar field in the fundamental
representation. The main results can be found in [54].
Here, we perform a classification of the states introduced
in Sec. II for the first time and express the results in terms
of the more general viewpoint of the present paper.
For the fundamental representation, the scalar field
transforms as a complex vector with respect to the
SU(N) gauge symmetry, φ → Uφ with U ∈ SU(N). We
are always able to perform an SU(N) transformation such
that the field configuration which minimizes the poten-
tial,
V (φ) = −µ2φ†φ+ λ
2
(φ†φ)2,
takes the simple form φa0 = δ
aN , where µ2 =
1
2v
2λ. In this case, the radial Higgs excitation,
h ≡ 1√
2
(φ†0ϕ+ ϕ
†φ0), is located in the real part of the
Nth component of the scalar field. The imaginary part
of φ†0ϕ and the other components are populated by the
would-be Goldstone bosons which mix with those gauge
bosons that acquire a nonvanishing mass term. Thus
in the unitary gauge, the scalar field contains only one
real-valued degree of freedom which is a BRST singlet,
φ(x) = 1√
2
(
v + h(x)
)
φ0. The mass of h is given by
m2h = λv
2.
The mass matrix of the gauge bosons can be de-
rived from the kinetic term of the scalar field with co-
variant derivative Dµφ = ∂µφ + igAµφ and is defined
via 12 (M
2
A)ijAµiA
µ
j =
1
2g
2v2φ†0AµA
µφ0 and A
µ = Aµi Ti
where Ti are the generators of SU(N). The gauge
field Aµ decomposes into a massive SU(N − 1)-singlet,
φ†0A
µφ0 ≡ Aµs , a massive field transforming as a complex
fundamental vector of SU(N − 1), Aµφ0 − Aµs φ0 ≡ Aµf ,
and the remaining degrees of freedom are the massless
gauge fields of the unbroken gauge group SU(N − 1),
Aµa . The mass parameters are listed in Tab. X.
The considered model obeys a global U(1) symmetry
for N ≥ 3. Thus, we can distinguish the states of the
theory as U(1) singlets and states with an open U(1)
quantum number. For the U(1) singlet channel, we in-
vestigate the SU(N)-invariant scalar operator φ†φ. Its
FMS expansion reveals a duality to the states generated
by the elementary Higgs field h and contains the trivial
scattering state h2 as well. It is also possible to find an
SU(N)-invariant operator that maps on the only other
elementary SU(N−1) singlet in the gauge fixed formula-
tion which is the vector singlet Aµs . This conclusion can
be drawn by investigating the following operator in the
U(1)-singlet vector channel
iφ†Dµφ = −gv
2
2
Aµs +
iv
2
∂µh
− gv hAµs −
g
2
h2Aµs +
i
2
h∂µh (A1)
implying that the bound state can be mapped to the
elementary vector Aµs . Several trivial scattering states
of this vector boson and the Higgs are included as well.
These are separated in the second line. Further, a pole at
the mass of the elementary Higgs will appear at the level
of the correlator of this composite operator. However,
this does not necessarily give rise to a new vector particle
in the 1− singlet channel as the pole appears only in the
longitudinal component. This is expected because the
derivative acting on the scalar field transforms as a vector
and thus mixes with operators in this channel.
Further U(1) singlet operators in the 0+ and 1− chan-
nel as φ†D2φ, φ†F 2φ, trF 2, and φ†FµνDνφ contain
SU(N − 1)-invariant composite objects as the meson op-
erator A†fAf , the hybrids F
†
f Ff , F
†
f Af , and A
†
fFaAf , as
well as the glueball trF 2a . As the FMS expansion of
the SU(N)-invariant operators does not provide a direct
mapping on these SU(N − 1)-invariant operators and we
need the multiplet decomposition to extract them, they
belong to the second class.
In addition to the U(1)-singlet operators, operators
with an open global U(1) quantum number can be con-
structed in the vector and the scalar channel. The light-
est ground state of these channels is necessarily stable as
the U(1) charge is conserved. In order to build such an
operator, we have to contract the indices with the aid
of the ǫ tensor. A realization of a U(1)-charged scalar
operator was proposed in [54] and is given by
ǫa¯1···a¯Nφa1(F ν2ν1 φ)
a2(F ν3ν2 φ)
a3 · · · (F ν1νN−1 φ)aN (A2)
for 3 < N ≤ 12d(d − 1) + 1. At leading order, the
hybrid ǫ ˙¯a1··· ˙¯aN−1(F ν2fν1 )
a˙1 · · · (F ν1fνN−1 )a˙N−117 can be ex-
tracted but only if we additionally use the multiplet
decomposition to separate it from scattering stats con-
taining Aµs . Therefore, this SU(N − 1) hybrid opera-
tor belongs to the second class. For the case N =
3, an operator with minimal field content is given by
ǫa¯1a¯2a¯3φa1(Dµφ)
a2 (FµνDνφ). Performing the FMS ex-
pansion, all terms appearing on the right-hand side can
be decomposed further via the conventional multiplet de-
composition. For N > d(d − 1)/2 the SU(N)-invariant
17 Dotted indices run over those components defining the subspace
perpendicular to φ0.
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SU(N) invariant SU(N − 1) singlets SU(N − 1) multiplets
JP U(1) Operator 1. Class [2. Class] Field DOF m2Field
0+ 0 φ†φ h h 1 λv2
0 φ†D2φ h [A†fAf ]
0 trF 2 [trF 2a ], [F
†
f Ff ], [A
†
fFaAf ]
0 φ†F 2φ [F †f Ff ]
1/1¯ see Op. (A2) [see main text]
1/1¯ see Op. (A3) [see main text]
1− 0 φ†Dµφ Aµs A
µ
a (N − 1)
2 − 1 0
0 tr(φ†FµνDνφ) [F
†µν
f Afν ] A
µ
f 2(N − 1)
g2v2
4
1/1¯ see Op. (A4)a [see main text] Aµs 1
N−1
2N
g2v2
a For N = 3, one may consider the operator ǫa¯1a¯2a¯3φa1 (Dν1φ)a2 (Dν1D
µφ)a3 which contains an operator of the first class with mass
≈ 2mAf .
Table X. Particle content of an SU(N) gauge theory (N > 2) with scalar field in the fundamental representation and gauge-
variant breaking pattern SU(N)→ SU(N−1). Left: Comparison between operators/states that are strict invariant with respect
to SU(N) transformations, i.e., observables, and operators/states that are considered from the conventional but gauge-variant
viewpoint of spontaneous gauge symmetry breaking (SU(N − 1) singlets). Trivial scattering states are ignored. In case the
contraction is obvious, we suppress Lorentz indices for better readability. We assign a global U(1) charge of 1/N to the scalar
field φ. Right: Properties of the elementary building blocks obtained from the standard multiplet decomposition after gauge
fixing which are used to construct SU(N − 1) singlets.
operator defined on the left-hand side of Eq. (A2) van-
ishes due to the antisymmetric property of the ǫ tensor
and more involved objects have to be constructed, e.g.,
including more covariant derivatives or anticommutators
thereof. For instance for N ≤ d2 + 1, we consider
ǫa¯1···a¯Nφa1(Dν1D
ν2φ)a2 · · · (DνN−1Dν1φ)aN . (A3)
Single SU(N − 1)-invariant operators can only be ex-
tracted via the multiplet decomposition. This is also the
case for any further operator with larger field content in
the scalar open U(1) channel. Thus, all states generated
by these operators belong to the second class.
A similar construction can be done in the vector chan-
nel. For N ≤ 12d(d− 1) + 2, a vector operator with open
U(1) quantum number reads
ǫa¯1···a¯Nφa1(Dν1φ)a2 (F ν2ν1 φ)
a3 · · · (F µνN−2 φ)aN (A4)
For larger N , we may consider the same operator
where the field strength tensors are replaced by two
covariant derivatives F νµ → DµDν which is nonvan-
ishing as long as N ≤ d2 + 2. All single SU(N −
1)-invariant operators contained in these U(1)-charged
vector operators are assigned to the second class as
we have to use the multiplet decomposition to obtain
them. The only possibility to construct an SU(N)-
invariant operator whose FMS expansion provides a
projection on an operator of the first class is given
for N = 3. There, ǫa¯1a¯2a¯3φa1(Dν1φ)a2 (Dν1D
µφ)a3 =
−g2v3ǫ ˙¯a1 ˙¯a2(Aν1f )a˙1(Dν1Aµf )a˙2+O(ϕ). Applying the naive
constituent model to the SU(2) hybrid, the mass can be
approximated by 2mAf . This is in agreement with lattice
simulations for N = 3 [7].18
N = 2 and the electroweak sector
The case N = 2 is of particular interest as it describes
the weak-Higgs subsector of the standard model. Fur-
thermore, it is special regarding the above analysis as
the fundamental representation of SU(2) is pseudo-real.
This causes that the global symmetry is not U(1) but
SU(2) and we are able to assign the gauge-invariant op-
erators to multiplets of the global SU(2) group. This can
be realized by using the charge conjugated scalar field
φ˜ = ǫφ∗ to construct gauge-invariant operators [31, 46].
The scalar singlet φ†φ + φ˜†φ˜ expands in leading or-
der to the radial Higgs excitation while the triplet van-
ishes, (φ˜†φ, φ†φ˜, φ†φ − φ˜†φ˜) = (0, 0, 0). In the vec-
tor channel the SU(2)gauge-invariant SU(2)global-triplet
(φ˜†Dµφ, φ†Dµφ˜, φ†Dµφ− φ˜†Dµφ˜) expands in leading or-
der to the elementary massive vector bosons. Equally,
these form a triplet of a diagonal SU(2)diag subgroup
explaining the degeneracy of the elementary degrees of
freedom from the conventional perspective of gauge sym-
metry breaking as the gauge-dependent breaking pattern
18 Interestingly, a different operator, ǫa¯1a¯2a¯3φa1(Dµφ)a2 (D2φ)a3 ,
was considered in the lattice analysis where the state with mass
≈ 2mAf can only be extracted via the multiplet decomposition.
Thus, we conjecture that a G-invariant operator can have overlap
with states of the first class even if these states of the first class
can only be extracted via the multiplet decomposition from the
considered G-invariant operator.
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is SU(2)gauge × SU(2)global → SU(2)diag.19 The vector
SU(2)global singlet does not contain an elementary gauge
boson but only the standard mixing of a derivative term
of the scalar degree of freedom with the vector chan-
nel, φ†Dµφ + φ˜†Dµφ˜ = 2φ†∂µφ. Thus, in the particular
case of N = 2, we obtain a one-two-one mapping from
simple gauge-invariant bound state operators with least
field content to the elementary fields of the model. This
is due to the fact that the structure of the global sym-
metry group coincides with the gauge structure of the
model as well as the diagonal subgroup of both such that
we obtain a mapping from the global to the local multi-
plets. Further note that the non-Abelian gauge group is
fully broken in the conventional picture implying that no
gauge multiplets are left in the elementary spectrum.
A generalization to the full electroweak sector is
straightforward as the additional U(1)Y hypercharge
group is Abelian. Of course, the additional hypercharge
breaks the global SU(2)global explicitly at the level of the
Lagrangian. Nonetheless, we have a sufficiently large op-
erator basis as we can still use the scalar doublet as well
as its dual field to construct SU(2)gauge-invariant oper-
ators. The only manifestation of the explicitly broken
SU(2)global symmetry is that the corresponding multi-
plets split into nondegenerate degrees of freedom. In or-
der to describe observable states also in a U(1)Y-invariant
manner, we may use suitable dressings via Dirac phase
factors [49]. Equally, we can use the FMS description for
a fully SU(2)gauge×U(1)Y-invariant description of all ex-
perimentally observed particles in the electroweak sector.
For instance, we can still use the four operators φ†φ+φ˜†φ˜,
φ˜†φ, φ†φ˜, and φ†φ − φ˜†φ˜ in the scalar channel. These
form a mass eigenbasis at the level of the gauge-invariant
bound state operators as the latter three operators vanish
and the formal SU(2)global-singlet is dual to the Higgs bo-
son according to the FMS framework. In the vector chan-
nel, the conjugated operators φ˜†Dµφ and φ†Dµφ˜ expand
to the elementary W+µ and W−µ, respectively. Note
that these two gauge-invariant operators are the SU(2)
versions of the SU(N > 2)-invariant operators with open
U(1) quantum number, see above. The remaining op-
erator of the formal triplet, φ†Dµφ − φ˜†Dµφ˜, provides
an unambiguous mapping on the elementary neutral Zµ.
Finally, the operator φ†Dµφ − φ˜†Dµφ˜ provides an elec-
troweak gauge-invariant description of the photon field
Aµ. Furthermore, the generalization to the fermion sec-
tor of the standard model is straightforward [31, 46].
19 Often a reformulation of the scalar sector via the field variable
X = (φ˜, φ) is done for convenience, e.g., see [49, 65]. The ad-
vantage of this reformulation is that SU(2)global transformations
act linear on X by multiplication from the right while usual
SU(2)gauge transformations act via multiplication from the left.
In terms of φ and φ˜, SU(2)global transformations are realized in
a nonlinear way.
Appendix B: Adjoint representation of SU(N)
The FMS analysis of an SU(N) gauge theory with one
scalar field in the adjoint representation and a Z2 sym-
metric scalar sector was discussed in Ref. [54]. For SU(3)
also a cubic interaction term was considered such that the
global Z2 symmetry was explicitly broken. These results
will be generalized to an arbitrary SU(N) gauge theory
with nonsymmetric Z2 scalar sector in the following.
The transformation property of the scalar field reads
φ → UφU † (U ∈ SU(N)) and the scalar potential
has structurally the same form as the symmetric ten-
sor in the SO(N) group, Eq. (33). Thus, the direc-
tion of the field configuration that minimizes the po-
tential is given in Eq. (34) and its modulus v is de-
termined by the parameters of the potential via µ2 =
1
2λv
2+2λ˜v2trφ40+γvtrφ
3
0. Equation (33) implies a break-
ing pattern SU(N)→ S(U(P )×U(N −P )) with P < N .
Without loss of generality, we assume P ≤ N/2. De-
pending on the sign of the nonisotropic couplings γ and
λ˜ different breaking patterns are favored, see the discus-
sion below Eq. (34). The decomposition of the elemen-
tary multiplets is also similar to the symmetric tensor
of SO(N) and summarized in Tab. XI. We just high-
light the presence of an additional Abelian gauge boson
AµU(1) = tr(A
µφ0) being invariant with respect to the
non-Abelian subgroups SU(P ) × SU(N − P ). Further
note that we use Af⊗f = [A, φ0] for convenience. Al-
ternatively, one could define A′f⊗f = PPAPN−P where
PP =
P
N 1+
√
2NP (N−P )
N φ0 and PN−P = 1−PP such that
Af⊗f = A
′†
f⊗f − A′f⊗f . Further, we have Aa⊗s = PPAPP
and As⊗a = PN−PAPN−P .
In order to compute the strict gauge-invariant spec-
trum of the SU(N) gauge theory without using the mis-
leading notion of spontaneous gauge symmetry breaking,
we use the same operators as for the symmetric tensor
in the SO(N) case. As the Z2-odd scalar operator trφ
3
will acquire a nonvanishing VEV, we conclude that the
global Z2 symmetry will be either spontaneously or, de-
pending on γ, explicitly broken. Thus, the distinction
in Z2 odd and even operators in Tab. XI is merely in-
troduced to organize the operators and the analysis but
does not lead to two separate ground states in the vector
and the scalar channel. Note that such a breaking of the
global symmetry was not considered in [54].
Finally, we would like to emphasize that the caseN = 2
is special. For SU(2), the scalar Z2-odd operators listed
in Tab. XI vanish and all nonvanishing operators that
can be constructed contain only scattering states. As this
theory has further only one invariant Casimir operator,
the cubic term vanishes such that the global Z2 symme-
try is always manifest in this particular model. Further-
more, the Z2 even vector operator ∂νtr(F
µνφ2) vanishes
and we obtain only one vector operator that expands to
the massless U(1) vector field AU(1), implying that the
model contains a massless vector in the SU(2)-invariant
spectrum. From the conventional perspective of sponta-
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SU(N) invariant S(U(P )×U(N − P )) singlets S(U(P )×U(N − P )) multiplets
JP Z2 Operator 1. Class [2. Class] Field DOF m
2
Field
0+ + trφ2 h [trh2s⊗a],[trh
2
a⊗s] h 1 see Eq. (35)
+ tr(φD2φ) trA2f⊗f , [h] [tr(A
2
f⊗fha⊗s)], [tr(A
2
f⊗fhs⊗a)] ha⊗s P
2 − 1 see Eq. (35)
+ trF 2 [tr(F 2a⊗s)], [tr(F
2
s⊗a)], [tr(F
2
f⊗f)], hs⊗a (N − P )
2 − 1 see Eq. (35)
[tr(Af⊗fFa⊗sAf⊗f)], [tr(Af⊗fFs⊗aAf⊗f)]
+ tr(φ2F 2) [tr(F 2a⊗s)], [tr(F
2
s⊗a)], [tr(F
2
f⊗f)],
[tr(Af⊗fFa⊗sAf⊗f)], [tr(Af⊗fFs⊗aAf⊗f)]
[tr(F 2a⊗sha⊗s)], [tr(F
2
s⊗ahs⊗a)],
[tr(F 2f⊗fha⊗s)], [tr(F
2
f⊗fhs⊗a)]
− trφ3 h [trh2s⊗a], [trh
2
a⊗s], [trh
3
s⊗a]
a, [trh3a⊗s]
b
− tr(φ2D2φ) trA2f⊗f
c, [h] [tr(A2f⊗fha⊗s)], [tr(A
2
f⊗fhs⊗a)]
− tr(φF 2) [tr(F 2a⊗s)], [tr(F
2
s⊗a)], [tr(F
2
f⊗f)]
c,
[tr(Af⊗fFa⊗sAf⊗f)], [tr(Af⊗fFs⊗aAf⊗f)]
[tr(F 2a⊗sha⊗s)], [tr(F
2
s⊗ahs⊗a)],
[tr(F 2f⊗fha⊗s)], [tr(F
2
f⊗fhs⊗a)]
1− + ∂νtr(F
µνφ2) Aµ
⊥U(1)
Aµa⊗s P
2 − 1 0
+ tr(φFµνDνφ) tr(Ff⊗fAf⊗f) [tr(F
µν
a⊗sDνha⊗s)], [tr(F
µν
s⊗aDνhs⊗a)], A
µ
s⊗a (N − P )
2 − 1 0
[tr(Fµνf⊗fAf⊗fνha⊗s)], [tr(F
µν
f⊗fha⊗sAf⊗fν)], A
µ
f⊗f 2P (N − P )
N
2P (N−P )
g2v2
[tr(Fµνf⊗fAf⊗fνhs⊗a)], [tr(F
µν
f⊗fhs⊗aAf⊗fν)] A
µ
U(1)
1 0
− ∂νtr(F
µνφ) Aµ
⊥U(1)
− tr(FµνDνφ) tr(Ff⊗fAf⊗f) [tr(F
µν
a⊗sDνha⊗s)], [tr(F
µν
s⊗aDνhs⊗a)],
[tr(Fµνf⊗fAf⊗fνha⊗s)], [tr(F
µν
f⊗fha⊗sAf⊗fν)],
[tr(Fµνf⊗fAf⊗fνhs⊗a)], [tr(F
µν
f⊗fhs⊗aAf⊗fν)]
a Vanishes for P = 2
b Vanishes for N − P = 2
c This state is not present for P = N − P
Table XI. Particle content of an SU(N) gauge theory with scalar field in the adjoint representation and gauge-variant breaking
pattern SU(N) → S(U(P )×U(N − P )). Left: Comparison between operators/states that are strict invariant with respect to
SU(N) transformations, i.e., observables, and operators/states that are considered from the conventional but gauge-variant
viewpoint of spontaneous gauge symmetry breaking (S(U(P )×U(N − P )) singlets). Trivial scattering states are ignored. We
suppress Lorentz indices for better readability in the 0+ channel. Right: Properties of the elementary building blocks obtained
from the standard multiplet decomposition after gauge fixing which are used to construct S(U(P )×U(N − P )) singlets.
neous gauge symmetry breaking, one would also expect
that the other two elementary vector fields charged with
respect to the unbroken Abelian subgroup are part of the
physical spectrum. However, we find only U(1)-invariant
objects as dictated by the FMS framework. Thus these
states belong to the third class which is not a surprise
because the results of the SU(2) adjoint model can be
mapped to the SO(3) fundamental theory. Furthermore,
it is proposed that the G-H duality in this model can be
used to investigate the confinement of Yang-Mills theo-
ries [71–73].
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